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Notations

o H ! ¢ axpaitherratieal Freereting
tce of tnformarion abont mathematical functions.

Traditional name

Lambert function

Traditional notation

W(2)

Mathematica StandardForm notation

Pr oduct Log[z]

Lambert W z]

Primary definition

01.31.02.0001.01
W(2) == Wy(2)

Specific values

Values at fixed points

01.31.03.0001.01

W(@0)==0
01.31.03.0007.01
n im
{3
2 2
01.31.03.0008.01

Values at infinities

01.31.03.0002.01
W(o0) == o0

01.31.03.0003.01
W(-o0) == o0

01.31.03.0004.01
W(i 00) == 0
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01.31.03.0005.01
W(—i 00) == o0

01.31.03.0006.01
W(0) == o0

General characteristics

Domain and analyticity

W(2) isan anaytical function of zwhich is defined over the whole complex z-plane.
01.31.04.0001.01
z—W(@:.:.C—C
Symmetries and periodicities

Mirror symmetry

01.31.04.0002.01

7 1
W@ =W(2/ z¢ (—oo, - —)

e
Periodicity

No periodicity

Poles and essential singularities

The function W(2) does not have poles and essential singularities.
01.31.04.0003.01

Sing (W(2) = {}

Branch points
The function W(2) has two branch points: z== — % Z= .

01.31.04.0004.01
1

BPW@) = {-—, &}
e

01.31.04.0005.01
R(W(2), 0) == log

01.31.04.0006.01

1
‘RZ(W(Z), - —) =2

e

01.31.04.0007.01
R(W(2), ) ==log

Branch cuts
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The function W(2) is a single-valued function on the z-plane cut along the interval (—oo, - %) where it is continuous from

above.

01.31.04.0008.01
1

BCAW(2) = {{(—00' ‘;]’ -i}}

01.31.04.0009.01

e—>+0

1
lim W(X+i€)==W(X) /; X< ——

e
01.31.04.0010.01

1
mWX—ie)==W_1(X) /; X< ——
e->+0 e

Series representations

Generalized power series

Expansionsat z==0

01.31.06.0001.02
37
W@ «z- 2+ - /(2> 0)
01.31.06.0008.01
372
W(Z) o Z—Zz+ 7 —0(24)

01.31.06.0002.01

o (k)<L 1
W(2) = — il < —
; A<
01.31.06.0003.02
W(2) « z+O(Z)
Expansionsat z== —%

01.31.06.0004.02

1 2e 1\, 11¢%2 1\%? 1
W@ x-1+V2e |2+ — ——(z+—)+ (z+—) +.../;(z—>——)
e 3 e 18\/7 e e
01.31.06.0009.01
1 2e 1y 11¢% 1,32 12
W@ oec-1+V2e |2+ — ——(z+—)+ (z+—) +O(z+—)
e 3 e 18\/? e e
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01.31.06.0005.01

W(z)::ickpk/; p=v2 Vez+1 /\|e2+1|<1/\00::—1/\01::1/\
ko0

k1 a k-1 & G2y GCc

01.31.06.0006.02
1

Z+ —
e

Expansionsat z== oo

W2 «-1+0

01.31.06.0007.02

o (_1)k K q(k—jﬁ-l)
W(2 = log(@) - loglog@) - ), — :
o log‘ = !

log'(log()) /; (11 - o)

Integral representations

On the real axis

Of thedirect function

01.31.07.0001.01

i o ] log(2 +t—log(t) — in 1
W@ =1+ (0g@ -1 exr{— —Iog[ ]dt) T (__, o)
2nJo t+1 log(2 +t—logt) + in e

Dispersion relation

01.31.07.0002.01

-2 1 (AW z 1
W(2) ::f ——Im{ )Iog(l——)dx/;zqs(—oo,——)
—o0 Ve X X e

Limit representations

01.31.09.0001.01
W(X) == r!LTo Xexp(—xexp(—... Xexp(=x))) /; 0 < x< e

n-times

01.31.09.0002.01

_X
o pn—times

W(—log(x)) == —log(x) r!m XX [ie < x< et

Differential equations

Ordinary nonlinear differential equations

01.31.13.0001.01
W(2z(W2 + 1) —w(2 =0/ W2 =W(c 2



http: //functions.wolfram.com

Transformations

Transformations and argument simplifications

01.31.16.0001.01

1
W(xlog(x)) == log(x) /; x> —
e

01.31.16.0002.01

log(x)
W[— )::—Iog(x)/;Osxse
X

01.31.16.0003.01
log(x+ 1) x+1
W| -

=- logx+1)/;-1<x<0
X (X + DV* X

Products, sums, and powers of the direct function

Sums of the direct function

01.31.16.0004.01
1 1

+—])/;x>0\/y>0

W) + W(y) == W(x y ( —_—
W) W(y)

01.31.16.0005.01
log(2)
W(log(2)

V\[W::Z/;W::

Related transformations

01.31.16.0006.01
e(t W(2 = W(Z)—ar

Identities

Functional identities

01.31.17.0001.01
e = W@ W@ =W@RAneZ

Complex characteristics

Real part
01.31.19.0001.01

- k-1

- 1
RE(W(x+iy) = ) ——— (¥ + ¥)* cosfktantx, ) /¢ + ¥ < =

k=1 : e

Imaginary part
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01.31.19.0002.01
: = 2 K2 . -1 D2 L
IMW(X + i y)) ==Z o (@ +y?)" sin(ktan™(x, y)) /; X + ¥ < -

k=1 : e

Absolute value

01.31.19.0003.01

WX+ y)| = W(W )

Argument

01.31.19.0004.01
o [kl L
agW(x+iy)) == Z tan~(cogktan™2(x, y)), sin(ktan™(x, y))) /; X* + y* < —
ke K e

Conjugate value

01.31.19.0005.01
o (fkt

k=1

1
_1 P —1 2 ki2 . vl
(coslktan™t(x, y)) — i sin(ktan"t(x, ))) (x* + Y?) "/} X +yP < -

(4

Differentiation

Low-order differentiation

01.31.20.0001.01
OW(2) W(2)

0z i zW(@2+1)

01.31.20.0002.01
82W(2) W(2)2 (W(2) + 2)

Y Z2ZW(@+1)°

Symbolic differentiation

01.31.20.0003.01
MW@ &, (k=" (k+ 1), & 1
fld<= \nent
e

oz" o (k+n)!

01.31.20.0006.01

—i+n— j+k+n-1 k+n
W) ntwW" n q g-mg-k-m (- ! (k+ n)J ( n ) (-2 n)q—i—k—m
=boolen=0,W@2)+ ————— > >' 3" 3’ : : W(@2" /;
oz (W@ +1)*"! om0 j=o jtk+mt@-j—k-m!

neN*

Eric Weisstein and Oleg Marichev
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01.31.20.0004.01
W@ e "M@ Pol(n, W(2) o1
- /i Pol(n+ 1, w) = (w+ 1) Pl ®P(n, w) - (wn + 3n - Poln, w) \ Pol(, ) = 1 /\ ne *
0z W@ + 1"

Fractional integro-differentiation
01.31.20.0005.01
FWE@D & (—kf e

9z k; rk—a+1)

V<=

Integration

Indefinite integration

Involving only one direct function

01.31.21.0001.01

z2(W@2?-W(2 +1)
f W@ dz==
W(2)

Involving one direct function and elementary functions

Involving power function

01.31.21.0002.01

1
f 2 'W@dz= - (e DWEWE 2 (o T(@ + 1, —a W(2) - T'(e + 2, —a W(2)) (-~ W(2)™)
(07

Definite integration

For thedirect function itself

01.31.21.0003.01
1 CWD) -1 (2WD)32+1) 1
f W(t) dt =
0

+ —
8W(1)? 8

01.31.21.0004.01

1 |Og(@W[xlog(X)]) 72
f e — ] dX = —
0 X 6

Operations

Limit operation

01.31.25.0001.01

m.(n)
Iim( —W(n)) =0/, =8" Ao=msn
N—oo n

Representations through more general functions



http: //functions.wolfram.com

Through other functions

01.31.26.0001.01
W(2) =Wy(2)

Representations through equivalent functions

With inverse function

01.31.27.0001.01
eV W(2) =z

With related functions

01.31.27.0002.01
eV =W

Theorems

Periodic solutions of the two species Lotka-Volterra model
A closed form solution for periodic solutions of the two species Lotka-Volterra model

Lt

B
X (1) =ax®) (1-yb), y) =yt (1-x{t)isgivenby yt)= _W(_Cl Xt e - ) :

Solution of the bootstrap equation
A solution of the bootstrap equation z==2 0(2) — ¢*@ + 1 , appearing for instance in the renormalization group
z-1
equations, isgiven as (U(z) = (z— 2W(— @37/2) - 1)/2.
The number of rooted trees

The number of rooted trees on n labeled pointsis [Z2"] W(2).

History

—J. H. Lambert (1758)
—L. Euler (1764, 1779)



http: //functions.wolfram.com

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
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To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
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