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This is a companion piece to [2], to be published on the World Wide Web. It consists of two
articles.

e The first article, on the Kubota symbol, gives a construction from scratch for the Kubota
symbol of degree n on GL(3).

e The second article is a longer version of Section 1 of [2], containing proofs that were shortened
for publication.
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1 The Kubota Symbol

Let F' be a global field with ring o of integers, and let u,, denote the group of n-th roots of unity
in F. Let T'(f) be the principal congruence subgroup of SLsz(0) consisting of elements that are
congruent to the identity modulo f. The Kubota symbol k : I'(f) — wu,, is a character constructed
by Bass, Milnor and Serre [1].

We will give a direct construction, obtaining on the way new formulas for the map. We will

handle two cases simultaneously.

Case 1: n =2, F = Q(i), 0 = Z[i], A = 1 + i and §f = Ao.

Case 2: n =3, F = Q(p) where p = ¢>™/3, 0 = Z[p], A\ = 1 — p, and § = X\?0 = 30.
For these two fields the particular level f may be new.

Although we specialize to these particular fields, our formulas should be correct (for some level,
with perhaps some other minor modifications) when n > 1 is arbitrary, assuming that F' is a totally
complex field containing the n-th roots of unity such that —1 is an n-th power in F'. We specialize
to these particular cases since it is convenient that the class number is 1 and the level f can be
chosen so that the map 0 — (0/f)* is surjective.

If ¢ and d are in 0 and ged(d, f) = 1 the power residue symbol (g) is defined as follows. First, if

c and d are not coprime then (g) = 0. If d = p is prime, then (5) is the unique n-th root of unity

d
such that
cNp=1)/n = <C> mod p.
p

Finally, if d is not prime, we factor d = ¢ [] pf ! where ¢ is a unit and the p; are prime, and define

ki
(5)=T11I ( C) . Our convention is that (2) = 1.

pi



Lemma 1 If At d then there exists a unique unit € € 0 such that eA =1 modulo f.

We will use this fact frequently and without comment.

Proposition 1 The power residue symbol has the following properties.
(i) If e € 0% then (5) = (5).
(it) If ¢ = ¢/ modulo d then ($) = (%)
(#ii) We have (%) =(9) (%)
(iv) We have (ﬁ) = (%) (i)
(v) If p is prime (and prime to n) then (%) = 1 if and only if b is an n-th power residue

modulo p.
(vi) We have () = 1.

Proposition 2 (Reciprocity law) If ¢,d = +1 modulo §, then

(5)-(5)

Proposition 3 (i) Assume thatn =3 and F =Z[p|. If d =1+ 3(m + np) then

@ (3)r

(ii) Assume that n =2 and F =7Z[i]. If d = a + bi = 1 modulo § then

<;> _ (—1)evre, (2) _ (—1)as-n/a

Proof These three propositions can all be deduced easily from the discussion of the cubic symbol
and its properties in Ireland and Rosen [4]. For the quadratic symbol, one may use results found
there for the quartic residue symbol, remembering that the quadratic symbol is the square of the
quartic residue symbol. O

Proposition 4 Suppose that At d,d" and that ged(c,d) = ged(e,d’) = 1. Assume that one of the
following three cases applies:

(i) d = d’ modulo 2 and d = d’ modulo c;

(i) d = d' modulo f\, d = d modulo ¢ and ged(c, ) = 1;

(iii) c is of the form OA* where 0 is a unit and d = d’ modulo §2.

Then
(@)= (&)
d d/’
Proof Let us write d = edy and d’ = €'dj, where ¢, &’ are units and dy = df, = 1 modulo f. We note
that since d = d’ modulo f in each of the 3 cases we have e = ¢’ modulo f which implies that e = ¢’.

Therefore dy = dj, for any modulus such that d = d’. Furthermore, (£) = (d—co) and (&) = (i)



As a result of these observations we may replace d and d’ by dy and df,. In other words, there is no
harm in assuming that d = d’ modulo f and we will assume this.
Let us write ¢ = ¢p 8 A* where 6 is a unit and ¢y = 1 modulo . Then by the reciprocity law

(€)= AN (4
d - d Co '
In each of the three cases we have d = d’ modulo ¢y and so (%)

show that
ox\ _ (ox
d ) \a )

This is true if d = d’ modulo > by Proposition 3, which settles cases (i) and (iii). In case (ii), we
have u = 0, and the statement follows again from Proposition 3.

(d—/). Thus we have only to

co

O
Let

w = 1 . (1)

It preserves the group I'(f) and its subgroup I'o (f), consisting of the upper triangular matrices in
I'(f). If g € T'(f), let [A1, B1,C1] and [Ag, Bs, Cs] be the bottom rows of g and ‘g, respectively.
Then
(A1, B1,C1) = (Ag, By, C2) = (0,0,1) mod f,
A1C2 + BlBQ + ClAQ - 0, (2)
ged(Ay, By, C1) = ged(Ag, B2, Ca) = 1.

We call Ay, By, Ch, Ag, By, Cs the invariants of g. We will refer to (2) as the Plicker relation. The
invariants depend only on the orbit of g in T'o (F)\T'(f).

Proposition 5 If gcd(Aq, B1,Cy) = ged(Ag, Ba, Co) = 1 and the Pliicker relation (2) is satisfied,
then we may factor

Ay = pipaqray, Ay = qiq2p2a2,
B1 = q1gor1b1, Bs = p1parabo,
Ci = mrapica, Cy = riroqaca,

where

ged(ag, b)) = ged(ag, 1) = ged(aq, az) = ged(aq, be) = ged(by, ¢1) = ged (b, ag)

= ged(by, c2) = ged(eq, be) = ged(eq, c2) = ged(ag, by) = ged(ag, ¢a) = ged(be, ¢2)

= ged(p1, q1) = ged(p1, ¢2) = ged(p1, 1) = ged(ge, p2) = ged(ge, r2) = ged(r1, p2)
= ged(be, g2) = ged(e1, 1) = ng(Czapz) =1L



Proof Let Q be the set of ordered triples (P, @, R) such that P|(A1, Bs), Q|(B1, A2) and R|(Cy, Cs)
and PQR)|gcd(A1Cs, B1Bs, C1As). Define a partial order on Q by (P,Q, R) < (P',Q’, R) if P|P’,
Q|Q" and R|R'. Let (P,Q,R) be a maximal element of 2, and write 41 = P A}, By = QBj,
Cy = RCY, Ay = QA,, Bs = PB), Cy = RCY. Since PQR|B1 By, we have R|BiB}, so we may
factor R = rire with r1|B] and r9|B; let By = riby and B = robs. Similarly P = pps where
C1 = prep and A, = poas, and Q = q1g2 where A] = qra; and O} = goce. The maximality of
Q, together with ged(Ay, By, Cy) = ged(As, Be, C2) = 1, implies the coprimality conditions of the
theorem. O

Proposition 6 Suppose in the context of Proposition 5 that Ay = By = Ay = By = 0 and Cy =
Cs = 1 modulo §. Then we may choose the factorizations so that i =ro =p1 =@ =c1 =c =1
modulo f and so that one of the following three cases applies:

(i) §lb1, A2|ba, §2|bib2, a1 =1 and as = —1 modulo §;

(ii) by = as = 1 modulo § and f|paay; or

(#ii) by = a1 = 1 modulo § and flgraz. We have

-1 -1
L @EE -EEE s
() () (2) -] () () = () () () s
() (2) ()" = () () ()" oo 0
Proof We first note that it is sufficient to obtain a decomposition in which one of the following is
true:

(') §lb1, Albz, §2[brba, and At ay, ag;

(ii’) At b1,a2 and f|paaq; or

(iii’) At b2, a1 and flgias.

Indeed, since C; = C5 = 1 modulo f, in any decomposition as in Proposition 5 we have auto-
matically that At 71,79, p1,¢2,¢1,c2. Now we make use of the fact that if A 4 ¢ then there exists
a unit € such that ec = 1 modulo § to see that we may adjust r1, 72, p1, g2, c1,c2 by units so that
r1 =719 = p1 = q2 = 1 modulo §, and it follows that ¢; = ¢ = 1 also. There are compensating
adjustments, of course, to a1, ag, by, by but these will be adjusted again. If (i’) is satisfied, we may
then adjust a; and by a unit, with compensating changes to q1, as and by, so that a; = 1 modulo f.
Then, since ajco + azc; = ajce + b1bs + c1az = 0 modulo §, it follows that as = —1 modulo f. The
cases (ii’) and (iii’) are handled similarly.

To establish (i"), (ii’) or (iii’), let us denote o; = ordy(A;) and 8; = ord(B;). Let r = ord(f);
thus r =2 if n =3 and r = 3 if n = 2. Since f|A1, Aa, By, B2 we have ; > r and §; > r.

Suppose that a; > as. Then a; = ordy(A41Cs) > ag = ordy(A2C)

H
sk

B1 4 B2 = ordy(—A1C — A2Ch) = ao.

Now, with  as in the proof of Proposition 5, we have (A%, \%1 1) € Q, and we choose maximal
(P,Q,R) = (\%, X% 1). Then \?2|p;ps and since A { p1, we have A\%2|py; similarly A\t |q;. Now as
and by are both prime to A and f|ps so f|p2a; so we are in case (ii’).

The case ay > a1 similarly leads to case (iii’).

We are left with the case where a; = as and (3; and [ are both > a7 + 1. Let us write
ay = 2a+¢, where e = 0 or 1 and a > 0. It is easy to see that a+e > r—1. Then (AT A% 1) € Q.



Choosing (P, @, R) = (A%T¢ A% 1) we have A\%T¢|py and A%|q;. In fact we have A%T¢||py and A%||q1
since if any larger power of A than A\%T¢ were to divide py then a larger power than o« = 2a + ¢
would divide A; = pipaqias, which is a contradiction; and similarly with ¢;. Now it is clear that
a1 and ag are both not divisible by A. Now, since A t 71,73, p1,¢2 (because A t Cq,Cs) we have
M=y and A2797¢|by. Since B —a >a+e+1>rand By —a—¢c >a+ 1> 2 we have f|by,
A2|bg, §2|b1by and A f aq, as. Thus we are in case (i’).

~1
It remains to prove the identities for (%) (b—Q) (‘—1) . Let us tackle case (i) first. Since

C2 Cc2
aica + biby + c1as = 0 we have

b b
(1> (2 = [reciprocity, ¢; = ¢z = 1 mod f]

C1 Co
= [Prop. 5 (i), aico = —asc; mod by and §2]

= [multiplicativity]

= [alcg = 7b1b2 modulo Cl]

= [multiplicativity]
= [reciprocity, a; = crag = 1 mod f]

= [craa = —b1be mod ay]

)

)

)

),

> = [multiplicativity]
)

)

)

)
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Next let us consider case (ii). We have ¢; = ¢o = by = a2 = 1 modulo f, and we have

. 1
<2> <Cl> = [multiplicativity]
(6] Co

b bib -1
<1> (12) (1) e = [b1ba = —azcy modulo ¢
“a C2 C2 co
b -1 b -1
(1) <a261 (Cl) - = [multiplicativity]
C1 Co Co Co

= [reciprocity, multiplicativity]
= [agcr = ajea modulo by, reciprocity]
= [reciprocity, multiplicativity]
= [reciprocity, multiplicativity]

= [(],102 = b1b2 mod a2]

-
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Case (iii) is similar to (ii).

O

PI‘OpOSitiOIl 7 SUP])OS@ that ng(Al,Bl,Cl) = ng(AQ,BQ,CQ) = 1, A102 + BlBQ + ClAg =0
and (A1, B1,C1) = (Ag, B2, Cy) = (0,0,1) modulo f. Assume further that gcd(Cp,C2) = 1. Then

also ged(By,Cy) = ged(Bz, C2) = 1. There exist factorizations

Ay = poqr AS,
BQ = p?Bév

Ay = paqi Ay,
B) = qB)
where pagr = ged(Aq, Az). We have
ged(By1, A)) = ged(B), Ay) = ged(Al, Ay) = ged(q1, Ch) = ged(p2, Co) = 1
and we may assume that one of the three following cases applies:
(i) §| B, N2| B, §2|B, BY and A} = — Al =1 modulo f;
(i) By = A, =1 modulo f and f|p2A}; or

(iii) By, = A} =1 modulo f and f|q Ab.
We have

(%) (3) (32) () () o eme
By B C -1 , ; ! . ..
@EE)) Q@ )«

() () () (&) () o i
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The assumption that ged(Cq,Cs2) = 1 will be removed in Proposition 10.

Proof The coprimality of B; and C; follows from the coprimality of C; and C5 since any com-
mon prime divisor of B; and C; divides —A1Cy = B1By + C1As, and it cannot divide A; since
ng(Al, Bl, Cl) =1.

The existence of the a factorization follows from the factorization in Proposition 6 with A} =
pra1, Ay = qaas, B = ¢2by and B} = p1bs. (We note that every such factorization may be obtained
this way.) Since Cy and Cy are coprime, we have r; = ro = 1 so C; = p1cp and Cy = gace. Using
the multiplicativity of the symbol and the reciprocity law, we have

(@)(@)(@) -G E @) (@)(@),

In case (i), we use Proposition 6 to write this

GG EEE @)@
GG -G

and the statement follows. Cases (ii) and (iii) are similar. O

Let X be the set of g € T'(f) whose invariants Ay, By, Cy and As, Bs, Cs are such that ged(Cq, Cy) =

1. If g € ¥ denote
wolo) = (BUY (B2) (€2
AT A

Let T'w(f) denote the subgroup of elements of I'(f) that are upper triangular and unipotent.

We have

Proposition 8 Suppose that u € T'(f) and that both g, gu € X. Then ko(g) = ko(gu).

Proof Let Ay, B;,Ci, Ay, By,C5 be the invariants of ¢, and let Ay, By, Cy, Ay, By, Cy be the
invariants of gu. Writing

1 U2 U3
u = 1 u , Ug = ULU2 — U3, (5)
1
we have
Al = A17 AZ = A2a
Bl =B + U2A1, BQ =By — U1A27
él =Ci4+u By + U31417 62 = (Cy — u9By + ugAs. (6)
As in Proposition 7 let
Ay = paqi AL, Ay = paqu Ay,
Bi = q1 By, By = p2 B3,



where A; and A are coprime. Then we may also write

zzh = p2qlfi/1, A2 = pquﬁéa
By = ¢ By, By = p2 By,
where
s A= A,
B = B} + uap2 Al B} = Bj) — uiq1 As.

We note that C; = C; modulo ¢; and modulo 2 and similarly for Cy, so

(@)-(&) (@&)-(&)

Now suppose we are in case (i) of Proposition 7. Then

BIN (B (AT () ((p2
o= () (1) (%) (8)(&)
1 2 2 1 2
Since A; = Al and B! = B} modulo A/, we may replace A; by A} and B! by B! and obtain kg (gu).
Next suppose we are in case (ii). Then

AV By (AT
o= () () (1) (&) (&)
Bj A A Ch Cs
In this case, the handling of the first symbol requires noting that §2|uaps A) since flug and f|po A].
Hence we may apply Proposition 4 (i) and conclude that

Aill = i’l
B Bj
so that kg(g) = ko(gu). The case (iii) is identical. O

Lemma 2 Suppose that gcd(A, B,C) = 1. Then there exists A such that gcd(A + AB,C) = 1.

Proof Let 6 = ged(A, B), and write A = 8 Ay, B = 0By with Ag, By coprime. By the extension to o
of Dirichlet’s theorem on primes in an arithmetic progression, there exists A such that # = Ag+ABy
is prime, and we may avoid the finite number of primes that divide C. Then A + AB = 0m, and
both # and 7 are prime to C. O

Proposition 9 If g € T'(f) then there exists u € T'o(f) such that gu € X.

Proof Let Ay, By, C1, As, By, Cy be the invariants of g. If u is as in (5) then Ay, By, C1, Ag, By, Cy
as in (6) are the invariants of gu. First, taking us = us = ug = 0, Lemma 2 shows that we may
choose u; such that ged(A;, C1) = 1; replacing g by another element of g ' (f) we may therefore
assume that ged(A4;,Cq) = 1.



With this assumption, we now work with u; = us = 0 and use only uz. By the extension to o of
Dirichlet’s theorem on primes in an arithmetic progression, we may find us such that C; = C;+us A4,
is prime, and we may avoid the finite number of primes that divide ByBs. Noting that in the
notation of (6) when Uy = Uz = 0 we have Ug = —U3, ng(C’l,C’Q) = ng(Cl + U3A1,02 — U3A2)
divides A3(Cy + u3A;) + A1 (Cy — uzAy) = —B1Bs. Since Oy is prime to B Bs, this means that
gu € X. O

We may now define the Kubota symbol, which we will eventually prove to be a homomorphism.

Definition 1 Let g € T'(f). Then the Kubota symbol k(g) = ko(gu), where u is any element of
T (f) such that gu € 3.

The existence of such a u follows from Proposition 9, and the independence of kg(gu) on the
choice of u follows from Proposition 8.

We can now improve the result of Proposition 7 by removing the assumption that ged(Cy, Cs) =
1.

Proposition 10 Suppose that g € T'(f) has invariants Ay, By, C1, Aa, Ba,Cy. Then there exists a
factorization

Ay =paqi Al Ay = paqi A5,
By = 1By, By = po By,

where paq1 = ged(Aq, Ag). The coprimality (3) conditions are true, and we may assume that one
of the three following cases applies:

(i) f| B}, N2| B, §2|B}BY and A} = — Al =1 modulo f;

(i) B} = AL, = 1 modulo f and flp2 A} ; or

(1i1) By, = A} =1 modulo f and f|q1 Ab.

We have
() (%) ()" (2) () mowe
o4 (8 (5) () () () o 0
(5) () () () () e i

Proof Let Ay, By,C1,As, By, Cs be the invariants of g, and let Ay, By,C1, As, Bo,Cy be the
invariants of gu, where u is chosen so that ged(C1, Cs) = 1.

Ay = Ay, Ay = Ay,
Bl =B+ UQAl, B2 = By — U1A27
Cl =C1 4+ u1 By +uzAy, ég = Oy —ugs By + ugAs.
By Proposition 7 we may factor
Al = p2Q1A/1, AQ = pqulelz,
B, = q1 B}, By = 2By,



where gcd(A}, A) =1, and taking
Aj = Ay, Ay = A,
B} = B — ugpa Aj, By = By +u1q1 As,

we have the required factorization. Proceeding as in Proposition 8 we get

BEE) (@)(E)-GEE @)@

in case (i), and since the right-hand side is ko(gu) = k(g), we are done in this case; the other cases
are similar. g

Proposition 11 If g € T'(f), then we may obtain a factorization as in Proposition 5 where r1 =
ro =p1 =q2 = ¢y = co = 1 modulo . In this case

@B EE EEEE 6
HEHEOEEE
GEE o

Proof Given any factorization as in Proposition 5 we may adjust r1,72,p1,q1 by units, with
compensating changes in a;,b;,¢; sothat i =ra=p1=@p=c=c =1.

It follows from the proof of Proposition 6 that there exists a particular factorization of this type
in which cases (i), (ii) or (iii) of that proposition applies. Moreover, passing to such a factorization
from an arbitrary one involves replacing b1, 1, pa2, ba by abi, o~ 'q1, aps, a~ by for some o € FX,
and it may be checked easily that such a change does not alter (7). Therefore we may assume that
cases (i), (ii) or (iii) applies.

Let

A} = pras, Ay = qoay,
Bi = qar1b1, Bé = p172ba.
This factorization satisfies the conditions of Proposition 10, and we may use one of the expressions

from that Proposition. Expanding the symbols, using reciprocity when necessary, together with the
identify from Proposition 6 gives (7). O

Theorem 1 Suppose that g € T'(f) has invariants Ay, B1,C1, Ay, B2, Cy. Then there exists a fac-
torization

Cl = 7"17‘20{ CQ = 7’17“2Cé
/ /
B1 = TlBl, BQ = T’QBQ,

where 11 = 1o = C1 = C4 =1 modulo f, and ged(Cy,CY) = 1. We have
ged(By, C) = ged(Bs, C3) = ged(A1, 1) = ged(Az,m2) = 1

10



and B
w=(a)e) (@) C)E) ®

Proof The existence of such a factorization may be proved directly very easily, or alternatively
follows from Proposition 5, on taking

B = qiq2b1, Bj = pipabo,
Ci =pc, C5 = qaca.

We need to know that every such factorization arises from Proposition 6 in this way, which we may
see by taking any (P,Q,R) > (1,1,7172) in the proof of Proposition 6. Once the factorization of
Proposition 6 is obtained, we may adjust p; and g2 by units so that 11 =1y =p1 =@ =1 =
¢a = 1 modulo f. Plugging in these expressions for Bj, B}, C1,C}, as well as A1 = p1paqia; and
As = q1gep2as, into the right-hand side of (8) then expanding and using the reciprocity law, we
obtain (7), proving (8). O

Proposition 12 Suppose that g € T'(f) and let

b q
h=1r s eI'(f).

Then k(gh) = k(g) k(h).

Proof We prove this first under the assumption (to be removed later) that ¢ € ¥. Thus let
A1, B1,C4, A, Bo,C be the invariants of g, and let AY, BY,CY, Ay, BY,CY be the invariants of
g = gh. Our assumption on g is that ged(Cy,Cs) = 1.

We find that
sA] —rBY = A, (9)
sBY +rCY = Ba, (10)
SCQ - qu = Cé, (11)

The following identities are also easily established:
pC1Ay = —AYCy — B1 By,
quAQ = 731/02 + Blcé/,
’I“ClAQ = —A/{BQ + AlBg,
SClAQ = _Bi/BQ — AlCé’.

As in Theorem 1 let us factor

1 ! " !/

31 :7‘1B17 32 :’/‘QBQ,
C” _ C/ Cl/ _ Cl
1 = Tra2ty, 9 = TTr20Cy,

11



where 11 = 79 = C] = C) = 1 modulo f and ged(C7,C%) = 1. The fact that g € ¥ implies that
ged(BY, CY) = ged(B2,C2) = 1 and so ro = 1. Thus by Theorem 1

K(gh) = (gi) (]gé) (%)‘1 (ff/)

Note that 71 divides C} = C; and so it is prime to Cy and B;. Next we prove that

HE-O@'EE -

By (13) we have ¢C] Ay = —B{C3 + B1CY. Thus
BY (G (B (G (G (BO () ()
ci)\¢)  —\ ¢ )\ cr) N )\G ¢ -

Bi\ (Ca\ ™
(@) (&)
Now (16) follows, using reciprocity (again), since C; = C{ = r1Cj.

Let us factor s = ad, C§ = dv§ with 0 = d = 4 = 1 modulo f and ged(o,v4) = 1. We have
ClY = sCy — ¢By and since ged(s,q) = 1, d divides Bs; write By = df35. Now since C§ = r1C} we
may factor d = didy, with r1 = p1d; and C = da7h. This factorization may be chosen so that
ged(py,da) = 1, and dy = dy =1 modulo f. We note that 4 = p175. We now show that

E-0@0 @ O@EE " o

By (10) and (11) we have

oBY +rv = [, (18)
0Cy—qB = 5 (19)

Using (18) we have

(&) () () - (@) - )
Gy d2 ) \ 7 dy ) \ 75 )\ dy )\ ) \%/)
Note that ged(B2,v4) = 1. Indeed by (19) any prime dividing both +4 and s would divide either o
(impossible since o and 4 are coprime) or Cy (impossible since By and Cy are coprime). Therefore

(@)-EEC) ()
(@) () @) G )
(Z)GE) @) &)

12

[by (19) and Proposition 4 (i)]

[by (18), reciprocity]



and (17) follows. Since r(h) = (%), and since we are assuming that g € ¥, we now have

- (@@ HE @ @0

which by (16) and (17) equals

B\ (C () (L 1(/)1) B\ (B (A1
T1 T1 d 02 g dg P1 T1 '
We will show that this equals 1. By (9), d; divides A1, say A1 = di; so (9) implies
odo AY —rp1 B} = a. (20)

Since ged(p1,ds) = 1 and r1 = p1dy our previous expression equals

(6@ G () ()6

USiIlg (20), rh = p1d1 and 04102 + dQBl/BQ + ,010{/12 = O, this reduces to

B\ (G (B (A (C) (L) (2
dl dl d1 d1 d d d
The product of the first four four is 1 by (12), together with the fact that Bj) = BY. The product
of the last four factors is 1 by (10).
The result is now proved under the assumption that g € ¥. Replacing g by gh and h by h~! and

noting that x(h~!) = k(h)~!, we have also proved the result under the assumption that gh € X.
We may remove this assumption by the following considerations. By Proposition 9 there exists

1 U2 U3
u= 1w | €To(f)
1

such that ghu € X, and by definition k(gh) = k(ghu). Now hu = u'h’ where

1 pus + qui P q+ugp
u = 1 rus+su; |, M= r s+usr
1 1

Thus the case that we have just settled shows that x(gh) = x(gu’) k(h') = k(g) k(h'). But

1= () () -

by Proposition 4 (i), and we are done. O

Lemma 3 Let G and H be a groups, S a generating subset of G that is closed under the inverse
map of G. Assume that x : G — H is a map such that x(gx) = x(g9) x(z) for allx € S, g € G.
Then x is a homomorphism.
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Proof By induction if x1, -+ ,zx € S we have x(x1---zn) = x(21) - x(zn), and since every
element of GG can be written in this form, the statement follows. O

Theorem 2 The map k : I'(f) — p, is a homomorphism.

Proof We may take S to be the subset of g of the three forms

P q 1 1 wupy us
ros ) P q |, I w
1 r s 1

We have proved that k(gz) = k(g) when x is of the first or third form. For the second type of
element, we may deduce this from the first type by applying the involution. The result now follows
from Lemma 3. O

2 Some Exponential Sums

In this Section, o will be the ring of integers in a totally complex number field F'. We assume that
0> contains the group p, of n-th roots of unity, and that —1 is an n-th power in 0*. We assume
that there is given an ideal § of o such that

d=c=1mod f, ged(d,c)=1 = (g) = (d> . (21)

We also assume that if d = d’ = 1 modulo f then

d=d mod f? andd=d mod ¢ = (g):<§) (22)
Note that this condition is satisfied in the two cases of Section 1 by Proposition 4.

We embed F' — F,, the product of the archimedean completions of F. Let ¢ : F.,, — C be
a nontrivial additive character. We assume that the conductor of ¢ is precisely o that is, ¢ (zo) =1
if and only if x € 0.

The exponential sums that we describe are analogs of classical Gauss sums, and they will be
evaluated in terms of Gauss sums. Some of what we will prove about the H-sums proved in this
Section (particularly the multiplicativity) are analogous to properties of the Gauss sums, so this is
the place to discuss the Gauss sums, even though they won’t be used until the next Section. If

¢ =1 modulo f let
sma= ¥ (5)e (") (23)

d mod ¢

Also, let ¢(c) be the cardinality of (o/(c))*.

Proposition 13 The Gauss sum has the following properties.
(i) We have
c

/
g(m,cc) = (E) (i) g(m,c)g(m,c), if ¢, are coprime;

14



(1) We have
an —1
glam,c) = (E) g(m,c) if a,c are coprime;

(iii) Suppose that p is prime. The Gauss sum g(p*,p') is zero unless either | =k +1 ork > 1 and
n|l. If n|l then

0 ifk <l—1;

g, p) =4 -Npb ifk=1-1;
o) k=1

(w) Ifntl then |g(pl_1’pl)| — Npl_%,
(v) If kk+b >0 and n[b then g(p*+?, pi+t) = Npb g(p*, pl).

Let C7 and C5 be elements of o that are congruent to 1 modulo f, and let my, mo € 0. We
define

H(ClaCQ;mlamQ) =

—1
Z Bi Bé Ci A1 A2 1/} m131 + ’ITLQBQ
Ci Oé Cé T1 ) Cl Cg ’

Al,Bl mod Cl
A2,32 mod CQ

ged(A1, B1,C1) =1

gcd(Az, B2, C2) =1

A; =By = A3 =B =0 mod f
A1C3 4+ B1Bs + C1A3 =0 mod C,Cs

where we have chosen a factorization

Cl = 7'17‘20{ CQ = 7’17‘205
/ /
B1 = TlBl, BQ = T’QBQ,

where r; = ro = Cf = C5 =1 modulo f, and ged(Cy,CY) = 1.

Remark 1 The summation is more correctly written

> > . (24)

Bi mod Cy A; mod Cy
By mod C» Az mod C»
Bi = By =0 mod f ged(Ay, By, Cr) =1

ng(AQ,BQ,Cz) =1
Al = A2 =0 mod f
A1Co + B1Bs +C1As =0 mod C1Cs

The reason that this way of writing the sum is correct is that if B; is changed to B; + tC; then
the terms of the inner sum are permuted, with a compensating change Ay — Ay — tBy. We will
check this in the proof of the following Proposition.

Proposition 14 The sum H(Cy,Ca;my, ms) is well-defined.

15



Proof First, it must be checked that for fixed Ay, By, C1, As, Bo, Cs the expression is independent
of the factorization. We do this in two steps. First, with C] and C) fixed, we might vary the
factorization by changing r1 and re, with compensating changes to B and Bj:

i — !
rL — ary, B —« 131,

roy — o lry, B, — aBj,.

Here o € F* must be such that ary,a=ry,a 1B}, aB) as well as rq,72, B}, B} are integral, and
a~'Bf,aB) € f. Writing « as a fraction, this may be done in two steps; first we consider the case
where « is integral, dividing 75 and B}; then we take a~—! to be integral, dividing r; and Bj. The
two steps are identical, so we only check the first; thus « is an integer dividing ged(rq, Bf). Since
r1 = 1 modulo f, and ar; is to satisfy the same congruence, we have o« = 1 modulo f. This variable
change multiplies the symbol in the definition of H by

(@) (&) (@)% (=) (=)

where we have used (21). Now A;Cf = A;C} modulo both §2 and «, since both > and « divide
B} B}, so the symbol is unchanged. One must also check invariance under

C{ - 60{7 Cé - 605,

rh— ey, B} — eB],

with ro and B} unchanged, where ¢ is a unit = 1 modulo f. This is straightforward as a consequence
of reciprocity and the invariance of (g) when d is changed by a unit.

The next thing that must be checked is that in (24) the inner sum over A; and Ay does not de-
pend on the choice of A; and As modulo C; and Cj respectively. This follows from Proposition 1 (ii)
since r1 and ro both divide C7 and Cs.

Lastly, it must be checked is that the sum is invariant under By — B; + tC; and Ay —
As — tBs. This variable change corresponds to B] — Bf + tryC}, with no changes in r1, r9 and
By, and it is easy to check using Proposition 1 (ii) that the sum is unchanged. This proves the
assertion in Remark 1 that the terms of the inner sum are permuted when B; is changed modulo
C;. There is a similar verification for By, — tCy and A; — A; — tBs. O

Proposition 15 If ged(C1Cq, C1CY%) = 1 with C1 = Cy = C] = C4 =1 modulo §, then
H(C1C1,C2C53ma,ma) =

CiN2 /N2 o\ Tt O\t
(C{) (é) (CD (Ci) H(Cy,Ca;mq,me) H(CT, Chymy, ma).

Proof Let p,p’ € o such that pC1Cs + p'C;Ch = 1. Let By, A1 be given modulo C; and Bs, A
modulo Cy such that Ay = By = Ay = By = 0 modulo f, ged(A;, B1,C1) = ged(Aa, By, Co) = 1
and A;Cs + By By + C1 A3 = 0 modulo C1Cs, and let similar data Bf, A} modulo Cf. Let

¢ = C1CY, e = CoC5,
by = p'C?CyBy + pCiCy By, by = p'C1Cy By + pC1C5 By,
a1 = p'CPCY A + pCiCr A} as = p'C{CH Ay + pCr CF Al
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Then b1,a1 and bs, as run through the residue classes modulo ¢; and ¢y respectively such that
a1ca + b1bs + c1as = 0 modulo ¢y¢o and ged(aq, by, 1) = ged(az, ba, c2) = 1, and we may use these
to parametrize the sum H(cy, co;my, mo). We show that we can choose factorizations

C = 7‘N’2©1, Cy = 7‘17“26'2,
By =B, By = 19Dy,
Cl=rir 201, Cy=rir 202»
Bi = 131, Bz = 2B27
c1 = R1Ra¢éy, co = R1Racto,
b1 = Ribr, by = Robo,

such that ; = 7/ = R; = 1 modulo § and ged(Cy, Cs) = ged(C}, Ch) =

() GG -
(%

(B)(2)(E) @®EEEE) @)
(@ @@ @ e

We first choose the factorizations of the C; and CY, then take Ry = r17], Ry = rar),

cd(eq,c2) =1 and

= 101, &y = CyCh,
by = 2’ CPCLB, + pr1r201 Cy B, B = 32 CICR By + priv2CLCEBY.

We will show that

571 _ roC1 B r,Cl By liz B ' C} By r1Cy B

& ¢, ¢ )] & Cy ¢y )
a1 T’lrééiAl 7’17”2@114/1 an TllT/QCA’éAQ TlrgégA/Q
e , 22 ) = . (26)
Rl 1 Ti R2 T9 Té

We begin by noting that
lil B pr%r%é’%é’gBi r'12ré3p’C’{QCA'§B1
é1 C{ Cl

and since pr2r2C1Cy + p'r2r2ClCh = 1, one may simplify both factors to obtain the first identity.

The others are similar. Now substituting (26) into the left-hand side of (25) and simplifying one
(using the reciprocity law) obtains the result. O

Proposition 16 Suppose that ged(mimb, C1Cy) = 1. Then
1Mo

/ —1 / —1
H(Cl,Cg;mlm'l,mgm'Q)=<7gll) (2;) H(Cy,Cy;ma,ma)
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Proof This is much easier than the multiplicativity of Proposition 15, and we leave it to the
reader. O

We now prove the main theorem of [2], giving fuller details than we had space for in that paper.
IWe will make use of strict Gelfand-Tsetlin patterns of the form

h+l+2 la+1 0
T = a b . (27)

For each such ¥ define

G(T) =g~ "1, p%) (0™, p") g(p" 0, p* oY) (28)
unless a =l + 1; in the latter case we modify the definition and write

Iy 41y +2 lb+1 0
G Ih+1 b =Np®g(p* "1, p ) g(»"2,p"). (29)
C

Note that the pattern ¥ with a = b = I3 + 1 is not strict, and will be omitted from our summations.
Thusa—b—-12>0.
If Tisasin (27),let k(T) =(a+b—1a—1,¢). Let k&1(T) =a+b—1s — 1 and kx (%) =c.

Theorem 3 Let l1,ls be nonnegative integers. Then

Z H(pkl 7pk2;pll7pl2) Np—ktlsl—kzsz — Z G(‘I) Np—kl (T)Sl—k2(g)827
k1Ko T

where the summation is over all strict Gelfand-Tsetlin patterns T of the form (27).

Proof Let us denote k(%) = (a +b— 12 —1,¢). Let Y(ki, k2;l1,12) be the set of all T of the
form (27) such that k(%) = (k1, k2). Evidently what must be proved is that

H(ky, ks by, o) = H' (1, k23 11, 1o) (30)

where

H' (k1 koil )= Y G(3).

TEY (k1,k2;l1,l2)
Lemma 4 Let
li+1lh+2 o +1 0

T = a b

be a Gelfand-Tsetlin pattern. Assume that

l2 = ba
C+12+1 > )
c—2a+l1+212+2 2 b. (31)

18



Let

ad = c—a+l+1ly+2,
b/ = a—lg—l,
d = a+b-1—1,
and
li+10+2 1 +1 0
T = a b
C/

Then ¥’ is also a Gelfand-Tsetlin pattern and G(T) = G(T'). The hypothesis (31) is always satisfied
if ko = c is greater than ky =a+b—15 — 1.

Proof It is straightforward to check that (31) implies that ¥’ is a Gelfand-Tsetlin pattern. It is
also easy to check that that ko > kp implies (31).

We turn to the proof that G(T) = G(%'). First suppose that a > lo + 1. We note that our
assumptions imply that @’ > I; + 1. Assuming (31) we must show that

g™, pe?) P

g(pe2ethi 2t 2 by g(ph p g(p* 1, p).

Since we are assuming lo > b and ¢—2a+2l; + 1o +2 > b both sides vanish unless n|b. We therefore
assume n|b. Since

I11+b a+b—l2—1)
)

g™, p%) g(p

a—lg—l) a—1

g(plg,pb) _ g(pb7pb) — g(pc—2a+211+12+27pb) (32)

so we must show that

g~ ) g (" T p ) = (0 T p)g (" p T T
This follows since n|b implies that
g~ p%) = Np® g(p*" 71 p°") (33)
and
g(p'2 P, prto=h=1y = Npb g(p2, po—ii ).
If @ =I5 + 1 then what we must show is that
Np g "0 ") 9020 =
g(pem2etht2laH2 pby poply pa=la=1y gepa=l ey
Again both sides vanish unless n|b, which we assume, and proceeding as before, the statement now
follows from (32) and (33), together with the fact that g(p't,p®~2~1) = 1. O

Lemma 4 gives a bijection Y (ky, k2;l1,l2) — Y(ko, k1;12,11) when ko > kq; since the bijection
preserves G(T), this means that the right-hand side of (30) satisfies

H'(pFr, pF2;ph pl2) = H (p*2, p*rs 2, p!)
when ko > ki; on the other hand it is evident from the definition that
H(pk, pF2;ph p'2) = H(pk2, p*r; pt2, ph) (34)

for all k1 and ko. Hence we are reduced to proving the Theorem when k; > ko.
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Lemma 5 If ki > ks, then

min(kg,k27k1+l1+1)

H(pk p*2;ph ph?) = > g(p",p") g2, ") g TR ph).
i=max(0,ka—l2—1)

Proof We note that since g(p®, p®) = 0 if a < b — 1, the statement is equivalent to

k2
H(p* ph2sph p2) = g0, p') 90", 9" 77) g(ph T ph) (35)
=0

since any terms in this sum with ¢ < ka —ly—1 or ¢ > ko — k1 +11 +1 contribute zero. We prove (35).
In the definition of H, we have ri75 = p*? and we can take C] = p*1—*2 C = 1. Thus

H(p* pF2iph p'2) =

Bj A A Biptt  Bop'
x =) () () (G 55) o
prrT 1 T2 prt b
Ay, B; mod pFt
As, Bs mod pF2
ged(Ay, By, p) = ged(Az, Bz, p) =1

Alka + B1Bs + Agpkl =0 modpk1+k2

It is understood that A;, Ay, B and By are always chosen to be divisible by the conductor f; we
will omit this condition from all summations since it really plays no role in the computation. We
break the sum up into 3 pieces: (1) ged(Ba,p) = 1, (2) p* exactly divides By with 1 <4 < ks, and
(3) 2| Ba.

First we consider the contribution where gcd(Bs,p) = 1. Here ro = 1, r; = p*2, and from the
Pliicker relation, By =0 mod p*2. After replacing B; by p¥2 B, and dropping the prime, we get

By Ay Bip't | Bop'?
3 (o) () e (R 5 )- e

A; mod pF1, B; mod pF17k2
As, Bo mod ka
ged(Bz2, p) = ged(A1,p) =1
Ay + B1Bs + AzpF17%2 = 0 mod p*1

We may use the Pliicker relation to determine A;. The sum becomes

By Asp*i=F2 + BB Bip" | Byp®
Z pk17k2 pk2 v pklsz + pkz ’
B; mod pkl*k?

Az, Bo mod pk2
god(Bz,p) = ged(Azp*1 ™72 4+ B1Bs,p) =1

Since k; > ko we may replace the condition ged(Aop* —*2 4+ By By, p) = 1 by just ged(By,p) = 1,

ki—ko .
M) = (%). The summand is independent of A,, and we may
pF2 pF2

drop this summation to obtain

By By Biplt  Bop™
N () () » (o + 55
Zklsz pkl pk2 pkl—k’z pk’z

B; mod p
Bs mod pk2
ng(BlBQ,p) =1

and we also have (
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k1—k2

Now we may drop the leading factor of Np*2 by summing By over p*! instead of p . Hence we

obtain

g(p,p") g(ph tF2, pkn).

This is the contribution ¢ = 0 in (35).

Next, we have the contributions where p’ exactly divides By for some i, 1 < i < ky. Note that
B; =0 mod p*2~%. We have ry = p', r; = p~% After writing B; = p**~'B}, B, = p'B} and
dropping the primes from the notation, the sum becomes

) () (5) o (s + 25
Fi—ks )= | ¥ -+ ). 38
Z A <pk1—k2 pkz—l pz pkl—kQ-H pkz—l ( )

Ay mod pkl7 B; mod p
A2 mod pkz, Bz mod p
gcd(Aq, p) = ged(Ba,p) = ged(Az,p) =1
Ay + B1Bs + AapF17%2 = 0 mod p*1

kg —i

Next we use the Pliicker relation to eliminate A;. The sum is

Z ( By )(3132) <A2>1/)< Biph +szlz>
T kgt pk1*k2 pszi pz pk1,k2+i pszi .

Bi mod p
As mod p*2, By mod pF2—?
ged(Bz, p) = ged(Az,p) =1
ged(B1B2,p) =1

The Ay sum gives zero unless nli; since the 4 contribution in (35) is also zero unless n|i due to the
factor g(p’,p’), we may now assume that n|i. The Ay sum produces ¢(p*?) = NpF2~% g(p’, p) and
the By sum produces g(p'2, p*2~%). We obtain

. o . By Blpll
Np™ = g(p, p*) g(p'2, p* ") > ( )1/} <pk1k2+i :

pklfi

B; mod pki—ka2ti

We can absorb the Np*2~% into the summation by extending the summation to the larger modulus

p¥i. Since nli, we may also write (p,fl,i) = (lel) and obtain the é-th term in (35).

Finally, we have the contribution when p*2|By. We have r; = 1 and 7 = p*2. We may take

Bs = 0 in the sum. We obtain
By Ay Byph
o ) () () @)

A1, B1 mod pkl
As mod p2
gcd(Aq, B1,p) = ged(Az,p) =1
Ay +pk17k2A2 = 0 mod p*1

We may use the Pliicker relation to eliminate Ay, which is divisible by p. The sum is therefore

By A Biph\
Z . ph1—hz ZE 4 Pkt -
B; mod p~!

Az mod p*2
ged(B1,p) = ged(Aaz,p) =1

B Biph
g0 > (pkl_lk2> ¢ < pl,fi ) :

B; mod pkl
ged(By,p) =1
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Note that g(p*2, p¥2) = 0 unless n|ks, in which case (1%) = (;%11)' Hence this contribution is
g(p*2,p*2) g(p+, p*), which is the contribution of i = ko in (35). O

Now suppose that k; > ko. Then given an integer ¢ we consider

li+lh+2 lo+1 0 a=ki —ko+i+1ls+1,
T = a b , b=ky—1,
c c = ks.

A necessary and sufficient condition for this to be a Gelfand-Tsetlin pattern is that
maX(O,kg - lQ - ].) < ) g I’Ilin(k‘g,kg + ll +1-— kl)
This gives a complete enumeration of Y (ky, ka;l1,l2). We have a —b—1 > ¢ — b and so

G(‘I) — g(pc—b7pc—b) g(ph’pb)g(pl1+b’pa+b—l2—1>
g(0',p") g(p'2, ") g7 ph).

i
In this case, the result now follows from Lemma 5.
It remains for us to handle the case k; = ks.

Lemma 6 We have

H(p*, p*iph,p?) =
min(k—1,l2+1)
> g ) g pb) g ph
i=max(0,k—11—1)
L Nt pt) ik < b
0 if k>l

Proof As in the proof of Lemma 5 we may replace the range of summation with Zi:olsince the
fact that g(p?,p®) = 0 when a < b — 1 implies that any additional terms are zero. Now using (34)
it is equivalent to prove

H(p",p*pht,p) =
k71 . . . .
> g™, p") g k) g(ph TR PR
Np* g(p*,p") if k <ly;
+{ 0 if k> 1y, (40)

which has the advantage that we may reuse parts of the proof of Lemma 5. It is possible that
Iy + k — 2i < 0 but if this occurs the meaning of g(p"tT#=2, p*=7%) can be assigned arbitrarily since
then ¢ > [; + 1, and the first Gauss sum will be zero.

We start with (36) and break the sum up as in Lemma 5.

First let us consider the contribution when ged(Bs, p) = 1. This is still given by (37). Since By
is chosen modulo 1 it is arbitrary, and we take By = p. We may omit the summation over A, since
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it is determined by A; and Bs. We obtain

A Bypl?
> GG
A1 mod pk P P

By mod pk2
ged(Bz,p) = ged(A1,p) =1

The A; summation produces g(p¥,p*) = g(p"*+*,p*), which is zero unless n|k. Assuming this the
By sum gives g(p'2,p*) and we get the i = 0 contribution in (40).

Next let us consider the contribution when p|| By with 0 < i < k — 1. This is given by (38). We
can use the Pliicker relation to eliminate A;. Moreover, we can extend the summations of B; and
Bs to the larger modulus p*, dividing by Np~* to compensate for overcounting. We obtain

_ Ay + BB A Bipht Byplh
k 2 152 2 1 2
ey (5 G (GER)

B1 mod pk

Az, B> mod pk
ged(Bz, p) = ged(Az,p) =1
ng(BlBZ + AQ,p) =1

We make the variable change B; — B, ' (B; — Ay), where the inverse is modulo p*. This produces

B B A By Y (By — Ay)p't Byph
Np~* ( ) () ( 2 , + — ).
p Z pktfz pz w pz pkfz

B; mod plC
As, Bo mod p’C
ged(B2,p) = ged(Az2,p) =1
ged(B1,p) =1

Next we replace By and Ay by BBy and A Bs, respectively to get

B\ (42 (B By — Ay)ph | Bopl?
w2 E)E)E) )

Bi mod plc
As, B, mod p*
ged(Bz, p) = ged(Az,p) =1
ged(B1,p) =1

The B, sum produces g(p'2+?, p¥), and the Ay sum gives Np*~ig(plt, p’). Thus we arrive at

» . » , B Biph
Np ' g(p" ) NpF g ) > <pkli>1/)< ;Z- )
Bi1 mod pk
ged(B1,p) =1

But g(p",p?) is nonzero only when i < I + 1. In this case Iy + k — 2i > 0 and

— B Biph 20 ki
Np > ( Q)@b( 1B >=g(pl2+’“ 2R

Y3
B1 mod pk p p
ged(By,p) =1
Thus we arrive at the contribution g(p't, p*) g(p'2+%, p*) g(plr+F=2¢ pk=).
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It remains for us to discuss the contribution when p*|By. We start with (39). The A; sum is
irrelevant since A; = — A, modulo p*. As pt Ay, this implies that the condition ged(Ay, By, p) =1
may also be dropped. Now the summation over B; produces a factor of p* if k& < I;, and zero
otherwise; and the summation over A, produces a factor of g(p*, p*). O

Assume that k1 = ko = k. Given an integer 4, consider

li+1a+2 o +1 0 a=k—i+1s+1,
T = a b , b=1,
c c=k.

A necessary and sufficient condition for this to be a Gelfand-Tsetlin pattern is that
max(0,k —1; — 1) < i < max(k,ly + 1),

and this gives a complete enumeration of Y (k, k; 11, ls). We assume first that ¢ < k. In this case we
have

G(T) = g(p* "1, p7") g(p",p") g (0" *0,p™ 071

lo+k—2i k—i)

g(p P g(p, 0" g(ph L p"),

and these terms account for the first summation in Lemma 6. If £ < [y + 1 there is one more term
with ¢ = k. Using (29), this accounts for the last term in Lemma 6, and the Theorem is proved. [J
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