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OPTIMAL CONTROL OF QUASILINEAR H (curl)-ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS IN MAGNETOSTATIC
FIELD PROBLEMS*

IRWIN YOUSEPTT

Abstract. This paper examines the mathematical and numerical analysis for optimal control
problems governed by quasilinear H (curl)-elliptic partial differential equations. We consider a math-
ematical model involving isotropic materials with magnetic permeability depending strongly on the
magnetic field. Due to the physical and mathematical nature of the problem, it is necessary to in-
clude divergence-free constraints on the state and the control. The divergence-free control constraint
is treated as an explicit variational equality constraint, whereas a Lagrange multiplier is included in
the state equation to deal with the divergence-free state constraint. We investigate the sensitivity
analysis of the control-to-state operator and establish the associated optimality conditions. Here, the
key tool for proving the KKT theory is the Helmholtz decomposition. An important consequence
of the optimality system is a higher regularity result for the optimal control, which we prove under
the assumption of a nonmagnetic control region. The second part of the paper deals with the fi-
nite element analysis based on the edge elements of Nédélec’s first family for the control and state
discretization, and the continuous piecewise linear ansatz for the Lagrange multiplier discretization.
The discrete Helmholtz decomposition and the discrete compactness property of the Nédélec edge
elements are the main tools for the finite element analysis. Our final results include the convergence
and a priori error estimates for the finite element approximation. Numerical results illustrating the
theoretical findings are presented.
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1. Introduction. Strong material parameter dependence on electromagnetic
fields is a well-known physical phenomenon. In the context of magnetism, for in-
stance, there is a wide variety of ferromagnetic and diamagnetic materials whose
physical properties can be significantly influenced by external magnetic fields. Such
materials play an essential role in many applications and modern technologies. The
governing partial differential equations (PDEs) for this electromagnetic phenomenon
feature a quasilinear curl-curl structure. Let us recall the magnetostatic field problem
emerging from a special case of Maxwell’s equations:

curl H =J in Q,
(1.1) H =v(z,|B|)B in{,
divB =0 in Q.

Here, the three-dimensional vector fields H, B, and J denote, respectively, the mag-
netic field, the magnetic induction, and the current density. The domain Q C R?
is assumed to be bounded with a connected Lipschitz boundary I'. Furthermore, it
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contains isotropic materials whose physical properties depend strongly on the mag-
netic field. Therefore, the corresponding magnetic reluctivity is given by a scalar
nonlinear function v = v(z, |B|). We note that the magnetic reluctivity v is nothing
but the inverse of the magnetic permeability u, i.e., v = p~!. In view of Gauss’ law
for magnetism, the third equation of (1.1), there is a magnetic vector potential y
satisfying

(1.2) curly =B in Q, divy=0in Q.

Putting (1.1)—(1.2) together and considering a perfectly conducting electric boundary
condition, we arrive at a nonlinear elliptic boundary value problem of the following

type:
curl (v(z, |curl y|)curly) = J in Q,
(1.3) divy=0 1inQ,

yxn=0 onl,

where n denotes the unit outward normal to I'.

This paper investigates the mathematical and numerical analysis for optimal con-
trol problems governed by (1.3). For practical applications, we consider a control
region given by a Lipschitz domain Q. satisfying Q. C Q. Typically, 2. contains elec-
tromagnetic coils, in which the applied current density is acting. Then, we formulate
the corresponding optimal control problem as

1
() win Sy, w) =3 [ v -y dot 5 [ JuPdn
2 Jo 2 Ja.

subject to

curl (v(z,|curl y|)curly) = x, u in €,
(1.4) divy =0 in Q,

yxn=0 onl,

and the following divergence-free constraint on the applied electric current flow u with
a vanishing normal trace condition:

1.5
(1.5) u-n.=0 onl..

{ dive =0 in Q,

In the setting of (P), x € R is the control cost parameter, y, € L*(Q) the desired
field, x,,_ the characteristic function of (2., and m. the unit outward normal to I'. :=
0. Note that, in view of the charge conservation law, we need to include the
divergence-free control constraint (1.5), as w represents current. This constraint is
indeed necessary by the mathematical structure of the state equation itself. More
precisely, by the distributional definition of the curl-operator, it follows from the
first equation in (1.4) that

(1.6) (u, Vi) 20y =0 Vip € H(Qe).

This variational equality then implies (1.5).
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We employ the L?(€,)-space for the admissible control space of (P) and consider
(1.6) as an explicit variational equality constraint of (P) in place of (1.5). Further-
more, the divergence-free constraint on the state is treated through the standard use
of a Lagrange multiplier, which leads to a mixed variational formulation of the state
equation (1.4) with a quasilinear saddle point structure. Under standard assumptions
on the magnetic reluctivity, we study the sensitivity analysis of the control-to-state
mapping v — y and show its differentiability property. Then, we prove the Karush—
Kuhn—Tucker (KKT)-type necessary optimality conditions for (P), where the key
point for the proof is the Helmholtz decomposition. Based on the structural property
of the optimality system, we investigate the regularity property of the optimal control.
Our analysis relies mainly on a material assumption (see Assumption 4.1) stating that
the control region {2, contains only nonmagnetic materials such as copper, silver, or
aluminum. In fact, this assumption is reasonable in practice, as copper is often used
for electromagnetic coils. Under this material assumption, we are able to prove a
regularity result for the optimal control.

The second part of the paper is devoted to the finite element analysis of (P) in
the case of Lipschitz-polyhedral computational domains. Here, we discretize both the
state and the control using the lowest order edge elements of Nédélec’s first family [25],
whereas the Lagrange multipliers for the divergence-free constraints are discretized by
piecewise linear elements (see (Py,) in section 5.1). This choice of finite element spaces
is indeed suitable for handling (P) and its explicit variational equality constraint
(1.6). In particular, the discretization allows us to apply the discrete Helmholtz
decomposition and the discrete compactness property of the Nédélec edge elements
(see Kikuchi [20]) for the feasible control set of (Pp). By the use of these tools, we
derive the discrete KKT optimality system and prove a convergence result for (Pp,)
as h — 0. Finally, invoking all the theoretical findings, we are able to establish an a
priori error estimate for the finite element discretization error in the L?(€,)-norm:

@ —anllL2 . < ch™ ",

where w and wy, denote, respectively, the optimal controls for the continuous problem
(P) and its finite element approximation (P ). Here, the exponent e > 0 only depends
on the geometry and is equal to 0.5 in the case where both 2 and €. are convex-
polyhedral.

We refer the reader to the articles by Langer et al. [4, 5, 21] for the mathematical
and numerical analysis of multiharmonic eddy current equations. We believe that
the result of this paper can be extended to the multiharmonic problems. Also, our
result remains true for the case involving a permanent magnet M, i.e., to the case
where an additional term curl M is included in the right-hand side of the state
equation (1.4). This causes only minor and obvious modification. As far as the
theory and the numerical analysis of Maxwell’s equations are concerned, we refer to
the monographs [2, 7, 17, 22, 24], the articles [3, 6, 12, 13, 24, 25, 26], and all the
references therein.

To the best of the author’s knowledge, this paper is the first contribution towards
the mathematical and numerical analysis for optimal control problems governed by
quasilinear H (curl)-elliptic PDEs arising from electromagnetic phenomena. The nov-
elty of the paper also includes the treatment of the variational equality constraint (1.6)
through the Helmholtz decomposition. Note that, in the existing literature, we are
only aware of the results for optimal control problems of linear eddy current equa-
tions (see [21, 30, 32, 33, 34]) and magnetohydrodynamics (MHD) [15, 16]. However,
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the quasilinear case is not a straightforward extension of the linear one and calls for
a more careful investigation. For results on optimal control problems of quasilinear
H1(Q)-elliptic PDEs, we refer to Casas et al. [8, 9, 10]. The rest of this paper is
organized as follows. In next section, we introduce our notation and summarize the
main assumptions on the magnetic reluctivity v. Section 3 is devoted to the first-order
analysis of (P), including the sensitivity analysis and the derivation of the optimality
conditions. Section 4 is concerned with the finite element approximation of (P) and
its rigorous analysis. We conclude this paper by providing some numerical results.

2. Preliminaries. As usual, we denote by ¢ a generic positive constant that
can take different values on different occasions. For a given Hilbert space V', we use
the notation || - ||v and (+,-)y for a standard norm and a standard inner product in
V. The Euclidean norm in R? is denoted by | - |. Furthermore, if V is continuously
embedded in another normed function space Y, we write V' <— Y. We use a bold
typeface to indicate a three-dimensional vector function or a Hilbert space of three-
dimensional vector functions. In our analysis, we mainly work with the following
well-known Hilbert spaces:

H(curl) = {q€L2(Q) ‘ curlg € L*(Q), gxmn=0on I‘},
H(div) = {q €L*(Q) |divg e LZ(Q)},

H(curl;Q.) = {q € L*(Q.) ‘ curlq € LQ(QC)},

Hy(div;Q.) = {q € L*(Q) | divg € L*(), q-mc=0on I‘C},

where the curl and div operators as well as the tangential and normal traces are
understood in the sense of distributions (see [14, section 2] or [24, section 3.5]).

Let R(J{ denote the set of all nonnegative real numbers. The magnetic reluctivity
v:Q xRy — R, (z,8) — v(z,s), is a Carathéodory function; i.e., for every s € Ry
the function v(-,s) is measurable, and v is continuous with respect to s for almost
every x € (2. The main mathematical assumption for v : Q x Rj — R is summarized
in the following.

Assumption 2.1 (cf. [4, 5, 19]). Let 19 > 0 denote the magnetic reluctivity in a
vacuum. There exists a constant v € (0, 1) such that

(2.1) v <v(z,s) <y foralmost all z € Q and all s € R,
2.2) ILm v(z,s) =vp for almost all z € ().

Furthermore, for almost every x € ), the mapping s — v(z, s)s satisfies

(2.3) (v(z,s)s —v(x,8)8)(s — §) >
(2.4) lv(z,s)s — v(x, §)s] <

with a fixed constant 7 € vy, 00).

According to (1.1), the mapping s — v(z, s)s describes the | B|-|H|-curve. Based
on physical measurements, |B|-| H|-curves for ferromagnetic materials are nonlinear
but monotone (see the above mentioned references). This motivates the monotonicity
assumption (2.3). On the other hand, the magnetic reluctivity v(z, -) is in general not
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monotone. It is standard to show that the assumptions (2.3)—(2.4) imply the following
result.

LEMMA 2.2. Let Assumption 2.1 be satisfied. Then, for almost every x € ), it
holds that
(2.5) (v(z,|s])s — v(z,[3])3) - (s —38) > v|s —3]* Vs,5 € R,
(2.6) lv(z,|s|)s — v(z, [8])s| < L|s —3| Vs,s€R?
with L = 2vy + 7.

Proof. We provide the proof in the appendix.

3. Analysis of (P). This section is devoted to the first-order analysis of (P).
We begin by investigating the weak formulation of the state equation (1.4).

3.1. Mixed variational formulation. We focus on the mixed variational for-
mulation of (1.4),

{ (A(y),v) + b(v, ¢) = (u, 'U)LQ(QC) Yv € Hy(curl),
b(y,) =0 Vi € Hy(Q),

where the operator A : Hy(curl) — H(curl)* and the bilinear form b : Hg(curl) x
H}(2) — R are defined as follows:

(3.1)

(3.2) (A(y),v) :== / v(z,|curly|)curly - curlvde Vy,v € Hy(curl),
Q

(3.3) b(y, ) = / y - Vi de Yy € Ho(curl),Vep € Hy(Q).
Q

We note that the mixed variational formulation (3.1) features a nonlinear saddle point
structure. If

(3.4) (w, V)20, =0 Vo € H' (),

then the Lagrange multiplier ¢ vanishes. Therefore, for every control u € LQ(QC)
satisfying (3.4), the mixed variational formulation (3.1) is indeed equivalent to the
variational formulation of the state equation (1.4). The existence and uniqueness
result for (3.1) follows from Scheurer [28]. First, in view of Lemma 2.2, the operator
A satisfies

(3.5) (A(y) — A®®),y — ) > vlcurly — curl g|[72 o, Vy,y € Ho(curl),
(3'6) |<A(y) - A(@), 'v>| < LHy - g”H(curl)HvHH(curl) Vy,f/, v E HQ(CUI‘])

with L = 2v9 + 7. Let us further introduce the subspace
Z = {y € Hy(curl) ‘ (Y, V) 20y =0 Vo € H&(Q)}
= {y € Hy(curl) N H(div) | divy =0 in Q}

which is equipped with the norm of H (curl). It is well known that the embedding

(3.7) Hy(curl) N H(div) < L*(Q)
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is compact (see Weck [31]). Also, since the boundary I" is connected, we have that
(3.8)

DF(Q) := {y € H(curl) N H(div) | curly =0in €, divy =0 in Q} = {0}

For more details, we refer the reader to [3, 27]. A well-known consequence of the com-
pact embedding (3.7) and (3.8) is the following Poincaré—Friedrichs-type inequality:

(3.9) lYllL2(o) < clleurly|pe) Yy e Z

with a constant ¢ > 0 depending only on . Then, using (3.9) in (3.5), we find a
constant ¢ > 0 depending only on v and €2, such that

(3.10) (Aly) = A®@),y —¥) 2y — Yl (eurny 9.9 € Z.

Furthermore, the bilinear form b : Ho(curl) x H} () — R fulfills the Ladyzhenskaya—
Babuska—Brezzi (LBB) condition:

(3.11)
b(y, )| b(Veh, )| 1
sup > NVYllz2@) 2 cllYllmye) Vi € Ho(€)
yEH(curl) ”y”H(curl) HV"/JHH(curl) @ Ho () 0

(3.3)

with ¢ > 0 depending only on €. Note that, since 1) € H}(2), we have that Vi €
H(curl), and hence we may insert y = V¢ in (3.11) to get the LBB condition.
Here, we also used the fact that ||V g(curty = VY[ L2(q) since curlV = 0. In
consequence of (3.6), (3.10), and (3.11), [28, Proposition 2.3] yields the following
existence and uniqueness result.

LEMMA 3.1. Let Assumption 2.1 be satisfied. Then, for every uw € L*(.),
the mized variational problem (3.1) admits a unique solution y = y(u) € Z with a
unique Lagrange multiplier ¢ = ¢(u) € Hg(Q2). If u satisfies (3.4), then ¢p(u) = 0.
Furthermore, there exists a constant ¢ > 0 depending only on v and 2, such that

ly(W)ll Eeurny + 0wy 0) < cllullzzq,)

for all uw € L*(Q,).
We denote the control-to-state operator by

G:L*Q) = Z, uw—y,

that assigns to every control u € L*(Q.) the unique solution y € Z of the nonlinear
saddle point problem (3.1).

PROPOSITION 3.2. Let Assumption 2.1 be satisfied. If uj, — w weakly in L*(Q.)
as k — oo, then G(uy) — G(u) strongly in Z as k — oo.

Proof. We consider a sequence {u}°, € L*(Q,.) satisfying

(3.12) up —u € L*(Q.) weakly in L*(Q.) as k — oo.

For every k € N, we set y, = G(uy) € Z and ¢y, = ¢(uy) € Hi(Q). In other words,
the pair (y;, ¢x) satisfies

{ (A(yp)v) +b(v, ¢x) = (Uk,v)r2(0,) Vv € Ho(curl),

(3.13)
by, ¥) =0 Vi) € Hy(9).
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In view of Lemma 3.1, the sequences {y,,}7°, and {¢;}72 , are bounded, respectively,
in Z and H}(Q). For this reason, by possibly extracting subsequences, we find a pair
(y,0) € Z x H}(Q) such that

(3.14) Yy, —y weaklyin Z ask — oo,
(3.15) or — ¢ weakly in H}(Q) ask — oc.

By the compactness of the embedding Z < L?(€), it follows that
(3.16) y, —y strongly in L*(Q) as k — oo.
Setting v = y;, — y in (3.13) yields

(Alyr) — A(Y), ye — ) = (AYs), ye — ) — (AY), ¥y — y)
= (wk, Y — Y2 — (AY): Y — ),

where we have also used b(y;, —y, ¢x) = 0. Thus, by (3.10),
Ayr — Yl eurny < @y — )20, — (AW), ¥ — v).-

Then, passing to the limit k¥ — oo, the weak convergences (3.12) and (3.14) together
with the strong convergence (3.16) imply that

(3.17) y, —y strongly in Ho(curl) as k — oco.

It remains to prove that y = G(u) and ¢ = ¢(u). In view of (3.17), there exists
a subsequence of {y, }7° ;, denoted again by {y;}7°,, such that

|curly, (x)] — |curly(z)| ae. inQ ask — oo
and consequently
v(z,|curly,(x)]) = v(z, |curly(z)|) a.e. in Q ask — oo.

Hence, taking (2.1) into account, Lebesgue’s dominated convergence theorem implies
that

v(-, |curly,|)curlv — v(-, [curl y|)curlv strongly in L*(Q) as k — oo

for every v € Hy(curl). From the above convergence, (3.15), and (3.17), it follows
that

(e v)2(0,) = (Ayy),0) +b(v, d) = (Ay),v) +b(v, @) as k- ox.

On the other hand, the left-hand side in the above equality converges to (u,v)r2(q,)-
In conclusion, the pair (y, ¢) € Z x Hi(Q) satisfies

b(y, ) Vi € Hy(Q),

from which we deduce that y = G(u) and ¢ = ¢(u). O

{ (A(y),v) +b(v,¢) = (w,v)r2(,) Vv € Ho(curl),
=0
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We consider next the control-to-state operator G with range in L*(€) and denote
the corresponding operator by

S:L*(Q.) — L*(Q), S=1IG,

where Z denotes the injection Z < L*(Q). Employing the operator 8, we reformulate
the optimal control problem (P) as an optimization problem in Banach spaces:
min flu) = J(S(u),u)
ueL?(Q,)
(P)
st (u, V)2, =0 Vip e H'(Q).

We introduce the feasible set associated with (P) by
Ulees .= {u € L*() | (w, Vi) p2(q,) =0V € Hl(QC)},

and so (P) can be equivalently written as

min  f(u).
ueU/feas

Note that UY** is a convex and closed subset of L?(€.). In what follows, a feasible
control @ € UY** is said to be optimal if and only if it fulfills f(@) < f(u) for all
weules,

THEOREM 3.3. Let Assumption 2.1 be satisfied. Then, the optimal control prob-
lem (P) admits at least one globally optimal control.

Proof. In view of Proposition 3.2, the existence result follows by classical argu-
ments (cf. [29, section 4.4]). 0

We remark that, as the operator & is nonlinear, the objective functional f :
L?(Q.) — R is nonconvex. Therefore, the optimal control cannot be expected to be
unique.

3.2. Gateaux differentiability. Our goal now is to establish the Gateaux dif-
ferentiability of the operator S : L?(Q.) — L?*(Q). To this end, we introduce a
(vector) function:

F QxR -5 R F(z,s) =v(r,|s|)s.

Using this function, the nonlinear operator A : Hy(curl) — H(curl)*, defined as in
(3.2), can be expressed as

(3.18) (Aly),v) = / F(x,curly) - curlvder Vy,v € Hy(curl).
Q

For our analysis, we require the following differentiability assumption.

Assumption 3.4. For almost every x € Q, v(x,-) : (0,00) — R and F(z,-) : R® —
R3 are continuously differentiable. There exists a constant C' > 0 such that
‘ OF,

Sj

(3.19) (x, s)' < C for almost all z € Q and all s € R?

forall i,j =1,2,3.
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From now on, we suppose that Assumption 2.1 and Assumption 3.4 are fulfilled.
An instance for the function v satisfying these assumptions is given in the following.

Ezxample 3.5. Let Q = QqU...UQ, withn > 1 and pairwise disjoint subdomains
Q1,...,Q, C Q. We consider

v(z,s) =vy — Z Xa, ()0 exp( (—ars?) V(z,s) € QxRS
with a; >0 and 0 < O, < vy for all k=1,...,n. By definition, we have
F(x,s)=v(x,|s])s = 1vys — ZXW )0k exp(—ax|s|?)s  V(z,s) € Q x R3.
For every 1,7 = 1,2,3, it holds that

n

(x,8) = vpdsj — Z X, ()0 exp(—ag|s|?) (8;; — 2ays;s;) Vs € R3,
k=1

0F;
aSj

where §;; denotes the Kronecker delta. Therefore, Assumption 2.1 and Assumption
3.4 are satisfied for this example.
We introduce next the Jacobian matrix function

VeF: QxR 5 R¥3 YV, F(z,s) = (88? (x,s)) ,
J i,j

and consider the following set:
Y = {y € Ho(curl) | 3e=c(y) >0 : (VF (-, curly)v,v)r2q) > CH”H%P(Q)

Vo € L2(Q)}.

Having defined the set Y, we now turn to the following linear saddle point problem:
given a ¥ € Y, find a pair (y,¢) € Ho(curl) x H}(Q) such that

5 ag(y,v) +b(v,¢) = (u,v)p2(q,) Vv € Ho(curl),

o { b(y,¥) =0 Ve € HE (D),

where the bilinear form ag : Ho(curl) x Hg(curl) — R is defined by
ag(y,v) := (Vs F (-, curlg)curly, curl v)Lz(Q) Yy, v € Hy(curl).

In view of Assumption 3.4, the matrix function Vs F (-, curly) : Q — R3*3 has entries
in L*>(Q), and hence ag(-,-) is a bounded bilinear form. Moreover, as y € Y, the
bilinear form ay fulfills

ag(y,y) 2 C”curl:y”i?(s)) > C”y”%I(curl) Vy €z
(3.9)

with a constant ¢ > 0 independent of y. In conclusion, we obtain the following
existence and uniqueness result.
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LEMMA 3.6. Lety € Y. Then, for every u € L*(Q.), the linear saddle point

problem (3.20) admits a unique solution y € Z with a unique Lagrange multiplier
¢ € HE(Q). This solution satisfies

(3.21) |yl 2z (curt) + 19l 510y < cllullzaa.,)

with a constant ¢ > 0 independent of w,y, and ¢.

We are now in the position to establish the Gateaux differentiability of the oper-
ator S : L*(Q,) — L*(Q).

PropoSITION 3.7. It holds that

(3.22) (Vs F(x,8)a,a)gs > v|al®>  for almost all x € Q and all s,a € R,

which implies Y = Ho(curl). Furthermore, the operator 8 : L*(Q.) — L*(Q) is
Giteauz differentiable. For all w,u € L*(Q,), S'(@)u = y is given by the unique
solution of (3.20) with § = G(@). Finally, the objective functional f : L*(9.) — R
is Gateauz differentiable and

(3.23) fl(@u= /Q(S(ﬂ) —yy) - S (@ udr + /4:/9 w-ude Va,ue L*(Q,).

c

Proof. Let us first show (3.22). For almost every z € 2 and every s € R?\ {0},
it holds that

!
(Vo F(x, 8)a, a)ss = vla, |s]lal2 + “f—ﬂ“( a)2s

= |s|2(v(x. [s])(s]*|al? - (s, a)3s)
+ (v, |s]) + /' (2, |s)|s]) (s, @)zs)
> || (u(|sP*lal® — (s,a)%s) + u(s,@)2:) = rla]* Va € R,
where we have used the inequalities v(z,|s]) > v and (v(z,|s]) + V/'(x, |s])|s]) > v.

Note that the latter inequality follows from (2.3). On the other hand, for almost every
x € Q and s = 0, we have that

(VsF(z,0)a, a)ps = (lim F(a,7a) — F(z,0)

_ 1 2

= v(z,0)|a]” > vlaf®

for all @ € R®. In conclusion, (3.22) is true, and hence Y = H(curl).

Now, we prove that the control-to-state operator S : L*(Q2,) — L*() is Gateaux
differentiable. Let @, u € L*(Q.) and set § = G(@). For every 7 > 0, let (y_,¢,) €
Z x H}(Q) denote the unique solution of

(3.24) { (A(y,),v) +b(v,6,) = (@+ Tu,v)2i0,) Vv € Ho(curl),

b(y,. ) =0 Vi € Hy(9).

Then, we have that

(3.25)

(A(y,) — A(Y),v) + b(v, 07 — ¢) = (B + Tu,v)12(0,) — (B, V)20, = T(W,V)L2(q,)
Vv € Ho(curl).
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Setting v = y,. — g in (3.25) and then using (3.10), we obtain

/C\HyT - g”%—l(curl) < <A(y7') - A(g)vy‘r - g> - T(U, Yr — g)Lz(Q)a

from which it follows that

(3.26) o =¥ <l V> 0.
H(curl)

Analogously, setting v = Ve, — V¢ in (3.25) results in

(327) < CHU’HL2(QC) Vr >0

Tl
with a constant ¢ > 0 depending only on €. In view of (3.26)(3.27), the sequences
{¥==Y} o and {£==2}__, are bounded, respectively, in Z and H}(Q). Thus, by

T T

possibly extracting subsequences, we find a pair (y, ) € Z x H}(Q) such that

yT_g
T

— 1y weaklyin Z asT — 0,

3.28 _
( ) ¢T B (b

-
Let v € Hy(curl). According to (3.18), (3.25) is equivalent to

— ¢ weakly in Hj(Q) as 71— 0.

(F(,curly,) — F(, curly), curlv) 2 + b(v, ¢ — @) = 7(u,v)2(q,)-

Then, Assumption 3.4 allows us to apply the mean value theorem to obtain
(3.29)
VeFi(-&)" — -
) ly. — 1 ;-
stZ(UEvz-)T wvcurlv +b<'va (b ¢> = (’LL,’U)L2(QC)
T
VS:F'B(UEE)T L2(Q)

T

with &/ (z) = curlg(z) + ti(z)(curly, (z) — curlG(z)) a.e. in Q and 0 < t(x) < 1
a.e. in Q for all j = 1,2,3. Note that y, — ¥ strongly in Hy(curl) as 7 — 0, and
so &/ — curlgy strongly in L*(Q) as 7 — 0 for all J = 1,2,3. Hence, in view of
(3.19) and by possibly extracting a subsequence of {£€2} ;- for j = 1,2, 3, Lebesgue’s
dominated convergence theorem implies that

(3.30)

T
vsfl('7€7')
VeFo(- €T | curlv — V,F(,curlg) curlv  strongly in L*(2) as 7 — 0.

3\T
vs73(',£7-)

Passing to the limit 7 — 0 in (3.29), it follows from (3.28) and (3.30) that (y,¢) €
Z x Hi(Q) satisfies

T

(Vs F (-, curlg)curl y, curl v) p2(q) + b(v, ¢) = (u,v)2(0,) Vv € Hy(curl),
by, ¥) =0 Vi) € Hy(Q).
Therefore, by Lemma 3.6, the pair (y, ¢) is unique and solves the linear saddle point

problem (3.20). Finally, as the injection Z < L*(Q) is compact, we come to the
conclusion that

S+ ru) — S(7w)

T

—y strongly in L*(2) as 7 — 0.
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By (3.21), the mapping w + y is continuous from L*(.) to L*(Q). This yields
therefore the Géateaux differentiability of & : L*(.) — L*(Q), and 8’ (@)u = y
is given by the solution of (3.20). To conclude the Gateaux differentiability of f :
L?*(Q.) — R and (3.23), we write

f(w) = F(S(u) + Z|ulf,

with F: L*(Q) - R, F(y) = Ly — yd||2Lz(Q). Evidently, the functional F : L*(Q) —
R is Fréchet differentiable. Therefore, as S : L*(Q.) — L*() is Gateaux differen-

tiable, the composition F o & : L*(f2,) — R is Géateaux differentiable, and (3.23)
follows immediately from the well-known chain rule. This completes the proof. a

3.3. Optimality system. Our main idea to establish the KKT theory for (P)
is based on the use of the following Helmholtz decomposition:

(3.31) H(curl;Q.) = X & VH'(Q.),
where X C H(curl;,.) is given by

X ::{z € H(curl; Q) | (2, V) p2(0,) =0V € Hl(Qc)}
(3.32)
:{z € H(curl;Q.) N Ho(div; Q) | divz =0 in Qc}.

Note that the decomposition (3.31) follows from a classical projection theorem since
VH'(Q.) is a closed subspace of H(curl;Q.). In what follows, let @ € U/*** be an
optimal control of (P) with the associated state ¥ = G(w). From Proposition 3.7, we
have that

(3.33) f'(@)h = /Q(y —y,)- S (@hds + K;/Q @-hdr Vhe L),

where S8’ (@w)h = y is given by the unique solution of
{ ay(y,v) +b(v,0) = (h,v)Lz(Qc) Vv € Hy(curl),
b(y,¢) =0 vy € Hy(9).

We introduce now the adjoint equation associated with (P) defined by the following
linear saddle point problem:

{ ag (P, v) +b(v,0) = (¥ —yg,v)r2(0) Vv € Ho(curl),
b(p,v) =0 W € Hy (Q).
Here, the bilinear form az; : Ho(curl) x Ho(curl) — R is defined by

(3.34)

(3.35)

(P, ) 1= (Vs F (-, curl 7) ! curl p, curl v)r2) Vp,v € Ho(curl).

In view of Lemma 3.6 and Proposition 3.7, the adjoint equation (3.35) admits a unique
solution (p, p) € Z x HE(Q). Setting v = S’ (w)h = y in (3.35) and v = p in (3.34),
and taking into account that b(y, ¢) = b(p, ¢) = 0, we obtain

336) [ (@-va)- S @hds = a3p.9) = agly.p) = [ hepde Vhe LX),

c
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From (3.33) and (3.36), it follows therefore that

(3.37) f(@)h = /Q (p+rm)-hdx Vh e L3 ().

THEOREM 3.8. Let @ € U’ be an optimal control of (P) with the associated
state y = G(w). Then, there exists a unique triple (p, ¢, Vn) € Z x Hi (Q)x VH(2..)
such that

{ (A(@),v) = (W,v)2(q,) Yv € Hy(curl),
(3.382)
b(y,¢) =0 Vi € Hy(Q),
{a;}(p, v) +b(v,9) = (¥ —yq,v)r20) Vv € Ho(curl),
(3.38D)
(3.38¢) u= —(ﬁ_lpmc + Vn).

feas

Remark 3.9. The term b(v,¢) does not appear in (3.38a) since w € U
(see Lemma 3.1). Furthermore, the gradient Vn denotes the Lagrange multiplier
associated with the variational equality constraint (1.6) in (P). Also, note that the
strong PDE formulation for (3.38a)-(3.38b) reads as

curl (v(z, |curlg|)curly) = x, @ in Q,
divy=0 in Q,

yxn=0 onl,
(3.39)
curl (Vs F(z,curly)curlp) + Vo =y —y, inQ,

divp=0 1in Q,
pxn=0 onl.

Here, the state equation features a nonlinear isotropic structure, whereas we deal with
an anisotropic form in the adjoint equation, as it involves a coefficient matrix function
given by the transpose of the Jacobian matrix function VF(-,curly) : Q — R3%3,
We recall that F(z, s) = v(z, |s|)s.

Proof of Theorem 3.8. Since f : L*(Q.) — R is Gateaux differentiable and the
feasible set U°** < L*(Q.) is convex, the optimal control @ satisfies the variational
inequality

(3.40) f@)(uw—u) >0 YueU .

We refer to [29, Lemma 2.21] for this classical result. Let (p,p) € Z x H}(Q) de-
note the unique solution of the adjoint equation (3.38b). In view of (3.37), (3.40) is
equivalent to

(3.41) / (k7 'p4a)- (u—u)der >0 Yuec U,
Qe
The Helmholtz decomposition (3.31) implies that

(3.42) —k P, =z + Vn,
——

€H (curl;Q.)
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with a unique pair (z,Vn) € X x VH!(€,.). Since
(Vi,u — )20, =0 Yue U,

we obtain from (3.41)—(3.42) that

(3.43) / (—z+@) - (w—w)de >0 YueU'**
Q.

Since X C U7, we have that z € U/°** so that we may insert u = z in (3.43) to
obtain

/|—z—|—ﬂ|2dx§0 = u=z,

from which (3.38¢c) follows. This completes the proof. O

4. Regularity. We now investigate the regularity property of the optimal con-
trol. Our result relies mainly on the following material assumption.
Assumption 4.1. There exists a Lipschitz domain D satisfying . C D C 2 and

(4.1) v(z,s) =vy VY(x,s) € DxRJ.

Remark 4.2. We underline that the above material assumption is the key step
to prove higher regularity of the optimal control. This assumption is reasonable in
the case where the control region €. consists only of nonmagnetic materials (copper,
aluminum, silver, etc.) surrounded by an air region D \ Q.. In such a case, D is
not affected by magnetic fields, and the magnetic reluctivity of €. is approximately
the same as that of air so that we may consider the approximation (4.1). Note that
copper is commonly used for electromagnetic coils, and so Assumption 4.1 is indeed
reasonable.

For our subsequent analysis, we make use of the following embedding:

(4.2) H(curl; Q) N Ho(div;Q,) — H>T7(Q,),
where the exponent o, satisfies

= 0 if Q. is only Lipschitz,
(4.3) o.¢ > 0 if Q. is Lipschitz-polyhedral,

1/2 if Q. is convex or of class C1L.

See [11, Theorem 2] and [3, Proposition 3.7 and Theorem 2.17] for the above embed-
ding result.

THEOREM 4.3. Let Assumption 4.1 be satisfied. Then, every optimal control
we Ul of (P) enjoys the following higher regularity property:
(4.4) we H>7(Q,),
(4.5) curlw € H*(Q.).

If Q. is of class C?>1, then

(4.6) @< H*(Q.).
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Proof. Let @ € U’ be an optimal control of (P) with the associated state
Yy = G(u). In view of Theorem 3.8, there exists a unique triple (p, ¢, Vn) € Z x
H} () x VHY(Q.) satisfying (3.38b) and

(4.7) u = —(/ﬁ_lpmc + Vn).
By (4.7), the optimal control w satisfies
ue X C H(curl;Q.) N Hy(div; Q,),

and so the regularity property (4.4) follows immediately from (4.2)—(4.3). Also, (4.7)
implies that

4.8 curl@ = —x curlp, .
192

Let us prove (4.5). Due to Assumption 4.1, we have that F(z,s) = v(z,|s|)s = vps
for all 2 € D and all s € R3. Therefore,

(4.9) Ve F(x,8) =19l Y(x,8) €D xR?,
where I € R3*3 denotes the identity matrix. Now, inserting the test function
Vip =w S CSO(D)B, Vio\D = 0

in the adjoint equation (3.38b) results in

/ vocurlp - curlwdx = / V. F(z,curlg)  curl p - curl w dz
D (4"9) D

/(?—yd—vw)wdaﬁ
D

~—
3.38b)

(
Yw € C5°(D)3.
For this reason, the distributional definition of the curl-operator yields that

curlcurlpp = vo LT — Yy — Vo)p € L*(D).

Taking into account that the adjoint state p is divergence-free, it follows therefore
that

—App = curlcurlp;p — V(divp|D) = curlcurlpp € L*(D),

where A denotes the vector Laplacian. For this reason, a classical result on interior
elliptic regularity implies that

p € H*(0)
holds for every open subset O satisfying @ C D. In particular, as Q. C D, we get
(4.10) pc H*(Q.) = curlpec H'(Q,).

Then, the regularity property (4.5) follows from (4.8) and (4.10).
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Suppose now that €. is of class C%'. Multiplying (4.7) with V4 for any ¢ €
H'(Q.) and then integrating the resulting equality over Q., we obtain

/Vn-V¢dx=—f<:_1/ p-Vipdr Ve HY(Q.),
Q. Qe

where we have also used the fact that (@, V)2, = 0 for all ¢ € H' (). As p is
divergence-free, Green’s formula implies that

/ V- Vipdr = —n*l/ (p-n)Yde, Ve HY(Q.).
Qe

c

In view of the H?> (92.)-regularity of the adjoint state p and the C?!-regularity of the
domain 2., we have

pe H*(T,) — p-n. € H?(T,).
n.eCl1(I,.)3

For this reason, by a well-known result on elliptic regularity (see, e.g., [14, Theorem
1.10]), n enjoys the following regularity:

(4.11) neH Q) = Vne H*Q).

In conclusion, (4.6) follows from (4.7), (4.10), and (4.11). o

5. Finite element analysis. This section is devoted to the finite element anal-
ysis of the optimal control problem (P). We focus on a finite element approximation
based on the lowest order edge elements of Nédélec’s first family [25] for the state
and control discretization and the continuous piecewise linear elements for the La-
grange multiplier discretization. From now on, €2 and €2, are additionally assumed
to be Lipschitz-polyhedral. We consider a family {7, },>0 of simplicial triangulations
Tn = {T} consisting of tetrahedra T such that

a=

TeTh

and there exists a subset 7;° C 7T} such that

Q.= U T.

TeTy?

For every element T' € Ty, hr denotes the diameter of T', and pr stands for the
diameter of the largest ball contained in 7. The maximal diameter of all elements is
denoted by h, i.e., h := max{hr | T € Tp}. Finally, we suppose that there exist two
positive constants ¢ and ¢ such that

h h
= <p and — <9

pT hr
hold for all elements T' € T, and all A > 0.

Let us denote the space of lowest order edge elements of Nédélec’s first family

[25] with vanishing tangential traces and the space of piecewise linear elements with
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vanishing traces by

Vi, = {yh € Hy(curl) ‘ Y1 = ar +br xx withap, by e R® VT € 771},

Oy = {d)h EH&(Q) } ¢h|T:aT~x—|—bT with ar ERS, br e R VTEE}.

Note that, by the well-known discrete de Rham diagram (cf. [24, p. 150]), it holds
that

(5.1) VO, C V.

Now, the finite element approximation of the mixed variational formulation (3.1) reads
as follows: find a pair (y,,, ¢n) € V', x Oy, such that

{ (A(yp), vn) +b(vn, dn) = (w,vh)L2(0,) Yvn € Vi,

(5.2)
b(yp,vn) =0 Y, € O,

For u € L*(f),) satisfying
(5.3) (U,V’t/}h)Lz(Qc) =0 WV € Oy,

the corresponding discrete Lagrange multiplier ¢, = ¢p(u) vanishes. This is an
immediate consequence of (5.1). Existence of a unique solution for (5.2) can be
justified analogously as in the continuous case. We introduce the space of discrete
divergence-free vector functions in V', by

Zy = {yh cVy | (yh,th)Lz(Q) =0 Vi € @h}-

Notice that Zj; is not a subset of Z. However, the discrete counterpart to the
Poincaré-Friedrichs-type inequality (3.9) holds and reads as follows:

(5.4) lynllzz (o) < Blleurly,llp2) Yy, € Zn

with a constant 5 > 0 independent of h. For the proof of (5.4) in a more general case,
we refer to Hiptmair [17, Theorem 4.7]. Therefore, by (3.5) and (5.4), there exists a

constant B > 0 independent of h, such that
(5.5) (Alyn) — A@w), yn — Yn) > Bllyn — Unllzreursy YUn Un € Zn.
Also, in view of (5.1), the bilinear form b satisfies the discrete LBB condition

[b(vn, Yn)] [b(Vibn, ¥n)|
5.6) su > = ||V >c Yy, € ©
( ) vhegh ||vhHH(curl) B ”vwhHH(curl) H whHL2(Q) o ||whHHé(Q) ¢h "

with a constant ¢ > 0 depending only on Q. From (3.6), (5.5), and (5.6), [28, Propo-
sition 2.3] yields again the following existence and uniqueness result.

LEMMA 5.1. For every u € L*(Q.), the discrete mized variational formulation
(5.2) admits a unique solution y, = y,(u) € Z, with a unique Lagrange multiplier
on = ¢n(u) € On. If u satisfies (5.3), then ¢p(u) = 0. Furthermore, there exists a
constant ¢ > 0 independent of h and u, such that

”yh(u)HH(curl) + H¢h(u)||Hg(Q) < CHU’HL2(QC)

for all w € L*(Q,).
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We denote the discrete control-to-state operator by
Gh :LQ(QC)%Z}I, u— Y-

This operator assigns to every u € L*(Q.) the unique solution y, € Zj, of the discrete
nonlinear saddle point problem (5.2). In view of (5.5), the operator G, is Lipschitz-
continuous:

~ 1 ~ ~
(5.7) 1Gr(u) = Gr(W)]| H (curn) < El\u — |2, Yu,ue L¥(Q),

where the positive constant E, defined as in (5.5), is independent of w, u and h.
Finally, by the monotonicity properties (3.10) and (5.5) as well as a Galerkin orthog-
onality argumentation (see [28, Theorem 2.1]), the quasi optimality of the error in the
finite element discretization is obtained as follows.

LEMMA 5.2. There exists a constant ¢ > 0 independent of h and w, such that

(5.8)

1G(0) ~ G aeumy < e inf 16w = il + ind 16600~ vl )

for all h >0 and all w € L*(5,.).
An immediate consequence of the above lemma is the following convergence result.
COROLLARY 5.3. If u, — u strongly in L*(Q.) as h — 0, then Gp,(uy) — G(u)
strongly in Ho(curl) as h — 0.

5.1. Finite element discretization of (P). We now turn to the finite element
formulation of the optimal control problem (P). The discrete control space is given
by

Uy = {uh € H(curl; Q) | upyp =ar +br xz with ap,br € R* VT € 7;5},
and the scalar space of continuous piecewise linear functions on €. is denoted by
O i= {m € H'(Q) | Ynr=ar-z+br withar eR* bpeR VI € T,f}.
By the construction, it holds that
(5.9) vh €V = v, €Up,
and, analogously to (5.1),

(5.10) VO.n CUp.

We consider the following finite element approximation for the optimal control prob-
lem (P):

: 1 2 K 2
®2) Jun - fu(un) = S l1Gh(un) — Yallzze) + 5 lunlzae,)

s.t. (uh, v'#/)h)L2(Q) =0 V’l,/)h S @c,h-
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As in the continuous case, we denote the feasible set corresponding to (P,) by

Ul .= {Uh €U | (un, Vp)r2,) =0 Vb, € @c,h}-

For every h > 0, the existence of an optimal control of (P},) follows from the Weierstrafl
lemma.

On the discrete level involving the finite element spaces Uy, ©.,, and Uﬁeas, the
discrete counterpart to the Helmholtz decomposition (3.31) reads as follows:

(5.11) Uy, =UI“"aVO.,.

Invoking the decomposition (5.11), the KKT-type necessary optimality conditions for
(P) are obtained in the following form.
THEOREM 5.4. Let @y, € UL be an optimal control of (P1,) with the associated

discrete state ¥, = Gp(up). Then, there exists a unique triple (py, pn, Vin) € Zp, X
O x VO, such that

(A("p),vn) = (Wn,vR)L2(0) VUL € Vi,
(5.12a)
b(Gp, ¥n) =0 Vipp € O,

(5.12Db) {a%h (Phsvn) +0(vn, 0n) = (U — Ya, Va)r2) YR € Vi,
b(Phﬂbh) =0 vwh c Gh,
(5-12¢) Ty = (K" 'Pajg, + V).

Proof. For every h > 0, the discrete control-to-state operator Gy, : L2(Qc) — Zp
is Gateaux differentiable. The proof is completely analogous to the continuous case
(Proposition 3.7) by using the discrete properties (5.1), (5.5) and the fact that the
spaces V', and Oy, are finite-dimensional. Let (py,, pn) € Z), X O}, denote the unique
solution of the discrete adjoint state (5.12b). According to (5.9), we have Prm, € Un.
Then, the discrete Helmholtz decomposition (5.11) implies that

—K ' Pujg, = zn + Vi
with a unique pair (25, Vi) € Uﬁeas x VO, . By similar arguments as in the proof
of Theorem 3.8, we obtain that @), = zj, from which (5.12¢) follows. O
Let us next denote by 7y, : L*(Q,) — U}, the L*-projection onto U, i.e.,
(5.13) (mhw, qy)L2 ) = (W, qy)L2 ) Yq, € Up.
By (5.10) and (5.13), it holds that
(w, Vi) 2oy =0 Vip € H'(Q:) = (mau, Vibn)p2) =0 Viby € Ocp.
In other words, the operator 7r;, satisfies

(5.14) weUr — muecUl™.

In the upcoming theorem, we prove a convergence result for the finite element approx-
imation (Pj) as h — 0. The main tools for the proof are the discrete KKT optimality
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conditions (5.12) and the discrete compactness property of the Nédélec edge elements
as h — 0 (see Kikuchi [20]).

THEOREM 5.5. Let {@n}n>o be a sequence of optimal controls of (Pr). Then,
there exists a subsequence of {@p >0 converging strongly in LZ(QC) towards an op-
timal solution of (P) as h — 0. Every L*(Q.)-converging subsequence of {Tn}n>o
converges strongly in L*(Q.) towards an optimal solution of (P) as h — 0.

Proof. For every h > 0, we set §, = Gp(wy). According to Theorem 5.4, for
every h > 0, there exists a unique triple (py,, pn, Vin) € Zp, X ©Op x VO, p, satisfying
(5.12). Setting vy, = p;, in (5.12b) gives

(Vs F(-,curly, )  curlp,, curlp,)r20) = (U — Y4 Pr)r2) Vh > 0.
From (3.22) and (5.4), it follows that
(5.15) leurlpy, |22 @) < v Bl[F), — vallLz@) VR > 0.

Since @y, is an optimal control of (P,) and 0 € U for all h > 0, it holds that

K _ _ 1
(5.16) 5”"“1”%,2(96) < fu(wn) < fu(0) = §||yd||i2(9) Vh >0,

and so the sequence {@y, } >0 is bounded with respect to the L*(Q.)-topology. Then,
Lemma 5.1 implies the boundedness of the sequence {g, }r>0 in Ho(curl). Therefore,
(5.15) yields that

(5.17) curlpy|[p2) < ¢ VR >0

with a constant ¢ > 0 independent of h. In view of (5.9)—(5.10), (5.12¢) implies
(5.18) curlw, = —/i_lcurlphlﬂc Vh > 0.

Therefore, from (5.16)—(5.18), it follows that

(5.19) l@n] o (curt:0.) < ¢ VR >0,

with a constant ¢ > 0 independent of A. On the other hand, wy, satisfies

(5.20) (@h, Vr)r2) =0 Y € Ocn VR > 0.

By (5.19)—(5.20), the discrete compactness result [20, Theorem 1] implies the existence
of a subsequence of {w, }r~0, denoted again by {@p, }r>0, such that

(5.21) @, —uw strongly in L*(9,) ash — 0

for some w € H(curl;Q,.). Let Z, : C(Q.) — O, denote the nodal interpolation
operator corresponding to the finite element space O ;. Inserting ¢y, = Zp1) with
¥ € C*(Q.) in (5.20) and then passing to the limit h — 0, we obtain

0 - (ﬂh, V:Zh¢)L2(Q) — (ﬂ, V¢)L2(Q) as h — 0
Hence, as C*(Q.) C H(Q.) is dense, it follows that
(@ V) =0 Ve H'(Q,).

This implies that @ € U7¢?*,
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Let us finally show that @ is an optimal solution of (P). To this end, let @ € U/**
be an optimal control of (P). In view of (5.14), 7p@ € US“® for all h > 0, and hence

fn@n) < frn(wpa) Yh >0,

since Wy, is an optimal control of (Py) for every A > 0. Consequently, by Corollary
5.3 and (5.21), it follows that

(5.22) F) = Jim fo () < lim (i) = f (i),

where we have also used the fact that 7,4 — @ strongly in L*(Q.) as h — 0. Since
@ € U’ and @ is an optimal control of (P), (5.22) concludes that % is an optimal
control of (P). O

5.2. Error estimate. Let {@y}r>0 be a sequence of optimal controls of (Py,).
According to Theorem 5.5, there exists a subsequence of {@wy, } >0, denoted again by
{@n}ns0, converging strongly in L?(Q..) towards an optimal control @ € U7*** of (P).
In what follows, we consider this converging sequence {@y}n~o. We set § = G(u)
and ¥, = Gp(uy) for all h > 0. Our final goal is to derive a priori error estimation
for the L?(,)-error between @ and y,.

Assumption 5.6. Assume the Lipschitz polyhedron . to be simply connected,

and let Assumption 4.1 be satisfied. Furthermore, let the optimal control @ satisfy
(5.23) curl G(w) € H(curl)

and the following standard quadratic growth condition: there exist two constants
r,m > 0 such that

(5.24) J@) + 5 = ulfag,) < flu)

for all w € U/ satisfying ||[@ — ul[ g2,y < m.

Remark 5.7. Quadratic growth conditions such as (5.24) are in general obtained
by second-order sufficient conditions (SSC). Let us remark that SSC for (P) would
require the twice continuous Fréchet differentiability of the control-to-state operator
and certainly call for a very careful second-order analysis, which we do not perform
in our present paper. We refer to Casas and Troltzsch [10] for rigorous SSC in the
context of quasilinear H!(f2)-elliptic PDEs.

We recall again the embedding result [3, Proposition 3.7 and Theorem 2.17] stat-
ing that

H(curl) N H(div) — H?17(Q) > 0,
(5.25) . with o o

H(curl) N Hy(div) — H="7(Q) = 1/2 if Q is convex.
For the main theorem below, let € € (0,1/2] be defined as follows:

€ :=min{o., 0}

with o, as in (4.2)-(4.3) and o as in (5.25). Note that if both Q. and Q are convex,
then e = 1/2.

THEOREM 5.8. Under Assumption 5.6, there is a constant ¢ > 0 independent of
h, such that

J— - 142¢
@ — @ L2, < ch 3
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for all sufficiently small h. If both Q0 and Q. are convex, then
Hﬂ — Hh”Lz(QC) S Ch%

for all sufficiently small h.
In the following, we present a series of lemmas which we use for proving Theorem
5.8. For the first lemma, let N}, denote the curl-conforming Nédélec interpolant.
LEMMA 5.9 (see Alonso and Valli [1, Proposition 5.6] or Monk [24, Theorem 5.41
and Remark 5.42]). Let 7 € (0,1/2]. There exists a constant ¢ > 0 independent of h,
such that

i4r
(5.26) 1y = Nyl euryy < ch? 7 ([ly] ) T [leurly]|

H2t(Q H%+*(Q))

for all y satisfying y,curly € H3 T (Q). In view of the Nédélec interpolant property,
the operator my, defined as in (5.13) satisfies

1.7
(5.27) [w—mhulp2q,) < ch2 7 (||ul| ) + ||cur1u|\H

HETT( b+r(a,)

for all w satisfying u, curlu € H%JFT(QC).

LEMMA 5.10. Let Assumption 5.6 be satisfied. Then, there exists a positive
constant ¢ independent of h, such that

1
(5.28) |1G(@) — Gh(w)| rrcurty < ch>*7 + EllH ~ulrz.,) Vue L*(Q)
with o € (0,1/2] as in (5.25) and B as in (5.5).
Proof. Invoking the estimate (5.8) and the Lipschitz continuity (5.7), we obtain

(5.29)
HG(E) - Gh(u)”H(curl) < ||G(ﬂ) - Gh(ﬁ)HH(curl) + HGh(ﬂ) - Gh(u)HH(curl)

1
< i f G w) — cur =|u — 9
<c nf G (@) — vi| E(curr) + ﬁ||“ ul g2,

where we have also used the fact that ¢(@) = 0 since @ € U/°**. The assumption
(5.23) implies that

curl G(u) € X () := {v € H(curl) N Hy(div) ‘ divve =01in Q},

and hence, by the embedding result (5.25), it follows that
G(w),curl G(u) € H>(Q).

Then, (5.26) yields

(5.30) IG(@) ~ NuG (@) reurn) < ch? ™

with a constant ¢ > 0 independent of h. Therefore, inserting v, = N G(@) in (5.29)
and using (5.30), the estimate (5.28) follows. O

Let us remark that every optimal control @, of (P;) cannot be expected to be
a feasible control of (P), as it is generally not divergence-free. However, we know
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that every wy, is discretely divergence-free and belongs to the Nédélec finite element
space U}, so that we can find a continuous divergence-free approximation @" with the
following properties:

LEMMA 5.11. Let Assumption 5.6 be satisfied. For every h > 0, there is a
a" € H(curl;Q.) satisfying

curl@” = curl @y,
(5.31) @", V)20, =0 Vi € H'(Q),
" | 2, < ch® o leurlu |,
with a constant ¢ > 0 independent of h, and o. € (0,1/2] as in (4.2)—(4.3).
Lemma 5.11 is a well-known result in literature (see, e.g., [17, Lemma 4.5] or [24,

Lemma 7.6]). We note that the proof particularly requires the use of the following
estimate:

(5.32) < dfleurluf g2 g,y YVue X

|‘uHH%+UC (Qc)

with a constant ¢ > 0 depending only on €2.. Here, we recall that X contains all
divergence-free vector functions in H (curl; Q.) N Ho(div;.); see (3.32). By our
assumption that the Lipschitz polyhedron €. is simply connected, the inequality (5.32)
is indeed satisfied by a well-known Poincaré-Friedrichs-type inequality, analogous to
(3.9), for vector functions in X together with the embedding result (4.2). We now
have all the required components to prove Theorem 5.8.

Proof of Theorem 5.8. The second property in (5.31) yields that

(5.33) a" e U/ Vh>0.

Furthermore, as justified in (5.19), the sequence {curl @y, };,~¢ is bounded in L*(Q.).
For this reason, we get from the third property in (5.31) that

(5.34) [@" — @l 20, < ch2 o

with a constant ¢ > 0 independent of h. In particular, since u;, converges strongly in
L?(9.) towards @ as h — 0, we can find an & € (0,1) such that

(5.35) [@" — | 20,y <m  Vhe(0,R)

By (5.33) and (5.35), we may insert w = " in the quadratic growth condition (5.24)
to obtain

Sl —a" 3, < F@) - (@)

= f@") — f(@) — fu(mn@) + fo(mp@) Vhe (0,R].

Since @y, is an optimal control of (Pp) and w,@ € U;“**, we have that fj,(w,) <
frn(mpw) for all A > 0, and so

(5.36)
Sl = a0,y < F@) = @) = fal@) + fu(mnT)
<|f@) — fu(mpm)| + | f(@") = fu(@n)| =1+ 11 Vhe (0,R]
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As we have already proven in Theorem 4.3, the optimal control @ enjoys the regularity
we H3toe (Q.) and curl@m e H*(Q,).

Thus, by (5.27), it follows that

(5.37) T — 702 20, < ch e

with a constant ¢ > 0 independent of h. Applying Lemma 5.10 and (5.37), we deduce
that

(5.38)

1 _ 1 _ Ky K _
I'=|5G@) - Yallz20) — NG () — Yallz2 () + §||U||i2(nc) - §||ﬂ'hu||i2(nc)

< 51G@) - Gu(mpa@)|* + |G (@) — Gr(mn@)|| L2 (0) | Gr(7mhT) — Yl L2(0)

N =

Ry _ _ _ _
+ 5T = mal e o, + #lT = mall o lw0E] 2o,
< ch3te Vhe (0,h)

with a constant ¢ > 0 independent of h. Analogously, using Lemma 5.10 and (5.34),
we obtain

(5.39) IT < chztc Vhe (0,h]

with a constant ¢ > 0 independent of h. In conclusion, the assertion follows from the
estimates (5.34), (5.36), (5.38), and (5.39). O

6. Numerical experiment. We present short numerical results serving as a
numerical illustration for Theorem 5.8. Let us consider a fairly simple academic
example (see Figure 6.1) with

Q= (-3/8;3/8)°,
where the control region is given by
Q= {(—1/8;1/8)% x (—1/16;1/16)} \ (—1/16;1/16).
Furthermore, we define
Qs :=(=1/4;1/4) x (=5/16;—3/16) x (—1/4;1/4).

In this subdomain, the magnetic reluctivity is chosen to be nonlinear. For the data
involved in (P), we consider

k=0.1, vy=1,

Ya(a) = 10°(z2/ (2] + 23), —21 /(2] + 23),0),

v(z,s) =vo — (1o — 1073)xq, () exp(—0.152).
Note that v satisfies Assumption 2.1 and Assumption 3.4 such that the control-
to-state operator S as well as the objective functional f are Gateaux differentiable

(Proposition 3.7). Furthermore, it fulfills Assumption 4.1, and so the higher regular-
ity result from Theorem 4.3 holds true for this example. We employ the Augmented
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Fi1G. 6.1. Computational domain 2, the control region Q¢ (blue), and the subdomain Qs (red).

Lagrangian-SQP method (see [18, section 6]) for solving (P). Based on our numeri-
cal observation, this method is suitable for dealing with the equality divergence-free
control constraint. Our future goal is to investigate Augmented Lagrangian methods
for solving (P), including their efficient numerical realization based on an appropriate
preconditioning strategy. We utilized the open source software FEniCS [23] for all
computations presented below, and the zero function was used for the initialization
of the Augmented Lagrangian method. Also, note that 2 was triangulated with a
regular simplicial mesh of mesh size h. The computed optimal controls for different
discretization mesh levels are depicted in Figure 6.2. We observe that the computed
solution wy, at the finest mesh exhibits a reasonable electric current flow structure.
To check the experiment order of convergence, we make use of the quantity

_ log([[@n, —Tresllr2(o,)) = 108([@hs —UresllL2(0,))

E
0C log h1 — log ho

for two consecutive mesh sizes h; and hy. Here, U,.s denotes the reference optimal
control. As the analytical solution of (P) is unknown, the reference solution @,y is
set to be the computed one at the finest mesh, i.e., W,y = wy, with h = V2277,
According to Theorem 5.8, since 2. is not convex, we can only expect convergence
of order 1/4 + ¢/2 with € € (0,1/2). In fact, our numerical result illustrates this
theoretical prediction with € &~ 1/4. This can be observed from Table 6.1, where DOF
denotes the number of degrees of freedom in the finite element mesh.

TABLE 6.1
Convergence behavior of Uy, .

h V2.274 V2.275 V2.2-6
DOF 15625 117649 912673
[Un —Trepllzio,) 0.10280693499  0.08348144948  0.06428130530
EOC - 0.30041003165  0.37705642535
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FIG. 6.2. Computed optimal controls Uy, with h = /2 -2~% (upper left), h = \/2-27° (upper
right), h = /2 - 276 (lower left), and h =/2-277 (lower right).

Appendix.
Proof of Lemma 2.2. Let 8,3 € R3. By the assumption (2.3), it holds that

(v, IsDls| = vix, B1)[3]) (Is] = [3]) = w(Is| - 3])°,

which implies
2 —~ —~ PN
(A1) vl lsDIsP? = z(|s| = [8])" + (v(z, |s]) + v(z, [3]))|s][3] — v(z, [3])[3]*.
From this inequality, we obtain that
(v(z,]s])s — v(z,[s])s) - (s = 5)
= v(z,|s])|s]* + v(z, [8])[3]* - (v(z,|s]) + v(z,[3]))s -3

~\ 2 ~ ~ ~
\Z/E(ISI —[8)" + (v(=, Is]) + v(z,[8])) (Is]|5] — 5 - 3)
(A1)
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2 ~ ~
> v(ls| —1|s|) 4+ 2v(|s||s| —s-s
> v(|s| = [3])" +2u(]s]|3] )
(2.1)
=u((Is| — [81)* + 2|s|[s] — 25 - 3)
:g|s—§|2

Thus, (2.5) is valid. Let us now prove (2.6). We have that
v(z,|s])s — vz, [5])s]
v(z,|s))(s =) + (v ( |s]) = v(z, [3])3]
v(z,|s|)ls — 8| + | (v(x, |s]) — v(x,|3]))I5] |
(
)

| /\

= vz, |8|)|8—8|+|V sD(s| = Isl) + v, IsD)ls| — v(z, [3])]5] |
< 2v(x, |s|)|s — 8] + [ v(x, |s])|s| — v(.[3])[3] |-

Hence, by the assumption (2.4), it follows that
[V(w, |s])s — v, [3)8] < (20(x |s]) + )]s — 8] < (2vo +7)|s — 3] = L|s — 3.

~—~

(2.1)

This completes the proof. a
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