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ABSTRACT

Non-linear distortions of long waves (tides) in shallow water are analysed. The effects
of finite wave amplitude, bottom slope, friction, and multi-chromatic interactions are
investigated separately and in combination, using both perturbation analysis and
numerical solutions of the full non-linear equations. The distortions caused by each
source of non-linear behavior are presented in the time and frequency domains, and
some implications of the results for local and ocean-wide tide predictions are discussed.

1. Concerning tide prediction

In the harmonic method, the tidal elevation
at a given port is predicted according to

e(t) = LkCk cos (2:nfkt+Ok) (1.1)

summed over a denumerable set of frequencies
fk' For each of these frequencies, the station
constants Ck and Ok are determined from an
analysis of a past tide record. The method is at
its best at stations with steep off-shore shelves,
such as Honolulu, Hawaii. Here 20 frequencies,
requiring 40 station constants, can account for
all but 0.1 % of the observed tidal variance.
This residual (observed minus predicted) tidal
variance is so small compared to the atmosphe­
ric residual (typically 1 % to 10 % of the ob­
served variance) as to make any improvement
in tide prediction a sterile exercise.

At ports opposite broad shallow shelves and
at the upper ends of bays, the tidal residuals
may be of the order of 10 % even after several
hundred frequencies have been taken into ae­
count. The new frequencies are produced by
the distortion of the incident waves (leading
ultimately to a bore formation). The situation
may be likened to two non-linear processes in
series: (i) the non-linearity associated with
Kepler-Newton mechanics generates harmonics
of the fundamental frequencies, and further­
more produces a fine-structure with monthly,
yearly and nodal splitting. (ii) the non-lineari­
ties associated with Navier-Stokes hydrodyna-

mics generate further frequency sums and dif­
ferences as the tide wave travels across a shal­
low shelf.

Kepler-Newton splitting produces some strong
lines of very nearly the same frequency (e.g.,
S. and K. at 2.000 and 2.006 cycles per day,
respectively). Resonances in the ocean basin
are relatively broad, and the response to these
neighboring frequencies must be sensibly the
same. Yet by the harmonic method, the tidal
constants for these two frequencies are evaluat­
ed as if they were independent! Accordingly,
Munk & Cartwright (1966) propose to define
by a set of constants the reeponse of a station
to various input functions. The prediction is
performed in the time domain by generating
suitable tidal input functions, and then "play­
ing" these through the appropriate station fil­
ters. There is no need for time-harmonic (only
spherical-harmonic) expansion; all the spectral
complexity of Kepler-Newton mechanics is al­
ready contained in the input functions, and
these are readily generated from fundamental
principles using the known orbital constants.

But if there is to be any advantage in work­
ing in the time domain for steep island stations
where the prediction accuracy is already so
high, the advantage is much enhanced for
shallow water ports. The present study is an
inquiry into the non-linear distortions under­
gone by long waves in shoal water. This is a
worthwhile prelude to constructing a non-linear
tide prediction method based on the ideas ex-
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In this notation ro ~ Yo for waves travelling at a
(dimensional) speed w/it =c. The equations are

wave length and depth are

a= 1 m, 2nit-1 = 1 000 km, '/,,= 1 km

and hence E1 = 10-1, E. = 10-', </> = 10-1 • In
shoaling water it·A and ii''/" remain roughly
constant, so that </> _'/,,9/'. At the edge of the
continental shelf '/" = 100 m, and so </> "'10-',
and further inshore </> is even smaller. The
conclusion is that the shallow water equations
form a suitable starting point.

We avoid two critical situations that can
occur within the framework of shallow water
theory. If a were to exceed A, the bottom
would be exposed, corresponding to cavitation
in the gas-dynamical analogy. Thus the ratio
£. = ii/'/" (henceforth the dimensionless ampli­
tude a) must be less than unity. Secondly, for
sufficiently long, shallow channels the tide
may break, corresponding to shock formation.
In nature the occurrence of "tidal bores" is
rare, but when they do occur the local curve­
~ure (which can be roughly equated to it) may
merease to a point where </> is large and fre­
quency dispersion important. This situation
and the associated possible development of
undulatory tidal bores is beyond the scope of
this paper.

(b) The shallow water equations

A convenient set of dimensionless variables
are:

are small quantities. Interactions can be studied
by taking terms in E, E·, ... into account, but
the interactions are of different types, depend­
ing on whether £1 or E. is the limiting parameter:
E1-int era.ct ions involve "frequency-dispersive
waves" with depth 80S a negligible fa.ctor; in
th~ case of diminishing depth the parameter £.

ultimately predominates, and this leads to
"amplitude-dispersive" waves in shallow water
and an analogy with gas dynamics.

In most cases, E1 and E. are both small, and
it is not immediately clear which interaction
(if any) predominates. It was shown by Stokes
(Ursell, 1953) that

2. The one-dimensional shallow

water equations

(a) Nature of the approximations

Linear wave theory assumes that

E1 = ita, E. = alA

pressed above, and it is interesting by itself 80S
well. Throughout the inquiry, we repeatedly
examine a system in which linear waves from
deep water are incident upon a shoal shelf
which borders a reflecting shore. To gain under­
standing, we treat each cause of non-linear be­
havior separately-to discover the isolated ef­
fects of factors such 80S incident wave amplitude
and bottom friction. These effects are approach­
ed in both the time and frequency domains,
and the results of second-order perturbation
theory are compared with complete computer
solutions in almost every C80Se. The perturba­
tion solutions give analytic insight into the
basic mechanisms present; the computer first
serves as a check, and then 80S a means to ex­
plore more strongly non-linear situations where
analysis is intra.ctable.

is the pertinent ratio, with E1· intera.ct ions cor­
responding to </> > 1, and E.-interactions to </> < 1;
for </> of order 1 it is possible to attain a balance
between amplitude and frequency dispersions,
leading to the solitary waves of permanent form
discovered by Boussinesq.

Typical offshore values for tidal amplitudes,
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and we use the boundary conditions

[C(t) +u(t)] specified at x = 0 (2.3)

u = 0 at x = 1. (2.4)

Condition (2.3) amounts to specifying an in­
cident wave from deep water where non-
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linearities are assumed negligible. It turns out
that most essential features of the non-linear
tide can be discussed in terms of the simplest
possible model, fI = constant, hence H = 1; we
shall do so in some detail before going to com­
plex situations.

The boundary condition (2.4) implies a re­
flecting wall at x= L. We visualize the wall just
off the coast line at a depth somewhat exceed­
ing the largest tidal amplitude. This avoids "ca­
vitation", and greatly simplifies numerical
calculations without significantly altering the
essential results. We shall also avoid bore
(shock) formation; in an infinitely long channel
of constant depth, a bore is first formed (Sto­
ker, 1957, p. 356) where x=xb=2c~/(3ga~).

The condition (;;b > L implies aw < 2/3. In sum­
mary, we are limited to the conditions

channel. Transients are allowed to die out be­
fore the solutions are analysed; usually this oc­
curs after a wave has traversed the channel four
times (t = 4).

3. Wave steepening

(a) Approximate 80lutions

We ignore friction, and limit the discussion
to a shelf of fixed depth. Very near the origin
we prescribe the wave system to consist of
incident waves of frequency wand ampli­
tudesi a, plus reflected waves of frequencies t»,

and 2w, ... , and of undetermined (complex)
amplitudes 01:10 01: 2, ••• , :

a<l, aw<2/3 (2.6a,b)
+ 0I:2 e-21",(I+Z) + ...}

(3.1)

to avoid cavitation and shock, respectively

(c) Numerical treatment

The procedure to be adopted is to compare
second-order analytical solutions with the
(presumably) complete non-linear solutions
from computer experiments. Various numerical
schemes are available, and after some experi­
mentation, we adopted a Lax-Wendroff scheme
which has previously been applied by Keller &
Keller (1964) to the propagation of non-dis­
sipative waves over a bottom of constant slope.
The Lax-Wendroff method is inherently stable
(under a Courant condition) up to and includ­
ing bore formation, at the expense of some
numerical damping and computing efficiency.
Also, matter is not precisely conserved. We
chose a computational grid sufficiently fine to
bring the energy and mass losses within accept­
able limits.

We have expanded the Keller & Keller pro­
grams to allow treatment of arbitrary channel
topographies (breadth and depth), and have
added quadratic bottom friction (§4). Although
a variety of boundary conditions are present as
options in the expanded code, the numerical
solutions described here have used a sea wall
at the inshore boundary and a specified inci­
dent wave entering an initially undisturbed

1 The dimensionless variables are so chosen that
the amplitudes of displacement C and velocity u
are the same.

uo(t) = Re {a e-I"'II_z) - 0I:
1

e - I"' II +%)

- 01:2e-2 I", 1I+Z) - ••• }

Solutions are written in the form

(3.2)

where fn(x) , un(x) are undetermined complex
functions.

There could be some objection to expressing
the wave system at the origin as a superposi­
tion of incident and reflected waves; such a
separation requires that the waves behave
linearly (locally). But if nonlinearity is im­
portant in the inshore zone, it might be im­
portant at the offshore origin as well, because
depth is everywhere the same. We have previ­
ously solved the problem for the case of a step
bottom topography with linearity specified in
the deep water, x <0, and matching conditions
on Cz and Hu at x =0. The algebra is much more
cumbersome, yet with physical results sub­
stantially the same as those from the present
treatment in which we artificially endow the
system with linearity for negative x. All these
difficulties disappear in cases where depth in­
creases offshore.

Frequency w to order a. Substitute solutions
(3.2) into the equations (2.1) to (2.4), and ex­
pand products of trigonometric terms into sum
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and difference frequenciea.t Then to first order
in the dimensionless amplitudes a, we have so that

10(0) = 0

with the solutions

lo(x) = iaS[cos 2w(x -1) -cos 200] (3.7)

(3.8a)

Frequency 00 to higher order-Collecting again
terms in frequency 00 we find

00/1 +iu1,z = [-i/oU1-iilius

- ti/.uiJz = order (as)

(3.3a,b)

(3.3c,d)

(3.3e)

11 = 2a elw cos w(x -1), u 1 = 2aie lw sin w(x -1) 11,z-iwu1 = - Hui u 2Jz = order (as) (3.8b)

To this order the amplitude 01:1 of the reflected
wave equals the amplitude a of the incident
wave.

Frequency 200. Collecting terms in 2wt, we
have

The terms Ul' 11 appearing to the left in (3.8a,b)
are the linear solutions (3.4). One now obtains

11 = 2aelw cos w(x -1) + order (as)

u 1 = 2aie lw sin w(x -1) +order (as)

200/2 +iu2,z = -ii(f,U,)Z

= 2a2we2!W cos 2w(x -1)
01:1 = ae2lw + order (as)

12,z - 2iwU2 ~ - iU,u"z

=a2we2lw sin 2w(x -1)

with the solution

12 ~ a2W cos2w(x -1) +la2w(x -1)e2!w sin

2w(x -1) + ta2e2!W cos 2w(x -1)
(3.6)

u 2 = aSiW sin 2w(x -1) -1a2iw(x -1)e2!w

There are also terms of order as at frequency
300.

(b) Numerical example«

In Table 1, the column k2 = 0 (no friction)
gives a comparison between the foregoing solu­
tions and the results of numerical integrations.
The example portrays a semidiurnal wave over
a broad, shallow shelf. The amplitude is taken
very low (5 cm) to afford a check of perturbation
theory:

L = 750 km if = 16 m, T = 2:n;/~ = 12h
•

cos 2w(x -1)
where

ii = 5 cm, a = 0.00313

00 = 8.72 law = 0.041

The homogenous solution We2lwjZ-1l has the
same x-dependence as the forcing function, and
this gives rise to terms with amplitudes pro­
portional to x-I. In the case of no reflecting
wall, these terms correspond to the familiar
Airy solution (Lamb, 1932 p. 281) having a
linear growth with x. The no-shock condition
2.6b assures that the approximation not be
carried to the breaking point.

Terms 01 zero Irequency-From equations
(2.2) and (2.3) one finds

The numerical results were obtained using
~x ~ 0.005 and t:.t = T /180. Thus Ax = 3.85 km,
t:.t = 0.067 hours.

Agreement is generally within a few percent.
The only notable discrepancy occurs for the
mean terms, 10' But here it is noted that the
computer scheme yields a non-zero displace­
ment at the offshore origin, and when this is
allowed for (numbers in parentheses) the agree­
ment is much improved. For comparison, we

1 The products Re {1m e-Imwt} Re Vn e -Inwt}

are implied, and not Re {tme-Imwt tn e-Inwt}

TeIlus XXIII (1971), 4-5
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4. Friction

So far the results obtained are simple and
expected. But they pave the way for a more
realistic situation.

as found by perturbation. It will be shown
that frictional losses lead to a reduction of
amplitudes of order (a2 ) .

(iii) There is a change in mean sea level of
order a(aIH). This is in accordance with the
concept of radiation stress introduced by
Longuet-Higgins & Stewart (1964). Changes in
mean sea level of the expected amounts have
been reported by Unoki & Isozaki (1965) for
some Japanese bays. There is no change of mean
level for an open ended channel.

WALL

MOUTH

a:\OOcm

a:l00cm

t
.~~§J

i

l.~~ ~,--O'5_cm-'--- _

:! L----J..-I~~

Fig. 1. The "energy" tnt~ of harmonic n at fre­
quency nw associated with an incident sinusoid of
amplitude a at frequency w. The upper two panels
correspond to conditions at the inner wall, the
lower panels to the mouth of a bay of constant
depth, and of length wJ271 ~ 1.39 times the wave
length. There is no friction.

have displayed the two cases

a ~ 5 em, w = 8.72, a = 0.00313,

aw = 0.027

a = 100 em w = 8.72, a = 0.0625,

aw = 0.545

in the upper panels of Fig. 1. The second case
corresponds to near-shock conditions at the
wall, and accordingly the harmonics are much
enhanced. The next two panels show the cor­
responding results at the mouth. We note the
following conclusions:

(i) The amplitude of the n'th harmonic (fre­
quency nw) relative to that of the incident
wave (frequency w) is of order an-I.

(ii) The principal energy loss is from back
radiation of the second harmonics and pro­
portional to a' (third panel). Thus with a2

and 0:2 proportional to incident and reflected
w-energy, respectively, we have

a 2 - 0:" ~ order (a'), so

We add a term

dimensional: -H- Ik2u!ul

dimensionless: • -k2H-IUlul, k 2 =k2L/H

on the right-hand side of equation (2.2). There
is sufficient evidence from a variety of sources
to warrant this form of dissipative non-linear­
ity: from boundary layer theory, laboratory
measurements and measurements near the sea
bottom (Bowden & Fairbairn, 1952), and fin­
ally from the observed tidal dissipation in the
Irish Sea (Taylor, 1919) and River Thames
(Rossiter & Lennon, 1965). "Observed" values
of le 2 range from 0.001 to 0.003. For shelves
the ratio Lill may vary between 10 2 and 10'.
This puts the range of k 2 from 0.1 to 10, in­
dicating that one may expect a variety of con­
ditions ranging from negligible to predominant
effects of friction

(a) Approximate solutions

Expanding the first order solution, we have

lui = 8ajsin ~ I
(71

x [~-lcos2w(t-I)-fr,cos4w(t-l)+ ... ]

IX ~ a -order (a l ) + ..., x [sin w(t- 1) - ~ sin 3w(t-l) + ...] (4.1)

Tellus XXIII (1971), 4-5
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Fig. 2. The function <p,(w) giving the frictional reduction of reflected w-amplitude as function of
frequency.

where ~ ~ - w(x -I), and s(~) = ±1 according
to whether sin ~ is positive or negative. The
terms are of order a' and converge slowly with
increasing frequency. But we note that the zero­
crossings of [sinw(t-I)-tsin3w(t-I)+ ... ]
occur for the same times as the zoro-crossings
of sin wit - I), so that the expression for u Iu I
has precisely the sign of u; away from the zero­
crossings, at wit -I) ~ !n, say, the precise mag­
nitude of u' is 4a' sin'~, as compared to
(1ljn)a' sin' ~[I +(t) - ... ] =(3.40 +0.68 - ... )a'
sin '~ for the approximate expression.

Frequency w. Equations (3.3c, d, e) are un­
changed. Equations (3.3a, b) are written (omit­
ting subscripts I)

u,(~) ~ -KeIW[ -4n cos ~

+ 2(1 -s cos ~)'] + A, sin ~

(4.3)

+2(I-scos~)sin~] +iA,cos~

where s = s(~), and n is defined by ~ ~ nn + .:l,
with .:l .;;180°. n(~) is the number of nodes be­
tween any point x and the wall. It follows that

s ~ + 1 for even n, s = - 1 for odd n.

To determine A, we use the complex patch­
ing conditions

I - iu; ~ 0 - /; - iu ~

+ 3i K eiwsin '~s(~),

where

K 32 k' , -1
= - aw

9n

The equations can be combined into

(4.2a, b)

a + 0(, = 1,(0), a - 0(, ~ u,(O).

u,(I) ~O at x ~O, so at ~ <t», s ~s(w); n(w) is
now the total number of nodes in the channel.
The result is

iA, = eiW{2a -KUs esiW-is eiw

+4n +2 - is e-1w]}

and this has the general solution

u(~) = f: F(~') sin (~-n d~' + A sin ~

I(~) ~ + iu; ~ i f: F(~') cos (~-n d~'

+ iA cos ~

which obeys the boundary condition u(O) ~ O.
The integrals yield

Tellus XXIII (1971), 4-5

It is convenient to write I,(~) = Ii') +1~2) + ...
where Ii') is the solution (3.4) of order a, and

- 2s(~) cos s] i sin ~+ [ls(w)e3tw-is(w)etw

+ 4n(w) + 2- ~s(w) e- tW] cos~}

IS the frictional contribution of order a' at
frequency co, The reflected amplitude at x = 0
(~=w) is given by
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If31(,,111~ ..,-;;r

Fig. 3. Modulus of the non-linear amplitude func- tions at the sea wall, x ~ I. I, (w) and 13(w) are the
results of quadratic friction, 12(w ) is due to nonfrictional non-linearities.

(4.4)

where

iA, = -11m Ke3Iw{16n(w) +8 +s(w)[ -3es1w

+ lOe,lw -15efW]}

(say), where

X (cos"w- 3 cos w~ ~w:< + ...

is always positive (see Fig. 2). Thus, the re­
flected amplitude equals the incident ampli­
tude, ex ~a, for vanishing friction k 2 , and is
otherwise always less than a by an amount
proportional to k 2a 2 •

Frequency 3w. The equations (omitting sub­
script 3)

3f -iul; = 0, -fl; -3iu ~

-(3/5)iKea1w sin 2;s(;)

can be combined into

with the general solution

We find

The non-linear amplitude functions are plotted
in Fig. 3.

A comparison of the first two panels of Figs.
1 and 4 shows very clearly the frictional ge­
neration of odd harmonics, particularly for
high amplitudes.

(b) Sloping shelf

For comparison, we have computed the non­
linear effects over a beach of constant slope.
The parameters are:

i. H(O) H(£) T
(i) constant depth: 750 km 16 m 16 m l2h

(ii) constant slope: 750 km 36 m 4 m 12h

The depths have the relation that the mean
root

is the same for (i) and (ii), so that the linear
travel time

f L dX L filL dH

o ;; = HL'-Ho H. V(gH)

U a(; ) = (9/5)Ke3Iw(l/90)[(8n(;) +4) cos 3;

+s(;)(5 -9 cos 2m +A 3 sin3';
(4.5)

L L h

«(gII)t) - 16.7

fam ~ (9/5)iKe3Iw(l/90)[ - (8n(;) + 4) sin 3;

+ 6s(;) sin 2;] +iA, cos 3;

is the same also. We note from Fig. 4 that the
constant depth and constant slope produce
similar non-linear effects, and we conclude that

Tellus XXIII (1971), 4-5
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case ,of variable depth can be usefully discus­
sedr in terms of a model whose constant depth
is the appropriate square-mean-root (s-rn-r, not
r-rn-s).

(c) Numerical illustration

Table 1 compares the approximate analytic
solutions with the results of numerical integra­
tion. To the present order, friction should af­
fect only odd harmonics. In fact the agreement
between numerical and theoretical i, and fs
is satisfactory for ics = 0.001, but less so for
ics ~0.003. The even harmonics, fo and fs, are
not affected in the perturbation theory, but
the computed values show a considerable de­
pendence on friction. This is not surprising.
The even harmonics depend on products of the
quantities flO vl' and in the perturbation ana­
lysis only the first order values in a have been
used. The actual effect of friction is to alter the
quantities t, and V 1 through higher order in­
teractions, and the harmonics t, and f. must be
affected accordingly.

We can now reach the following conclusions:

(i) u'·friction in the perturbation analysis ex­
cites principally the odd harmonics, and these
are of order a relative to the incident wave.
However, sharp reductions of higher harmo­
nics occur in the more complete numerical

1 There is no inherent difficulty in finding ana­
lytic solutions to the case of constant slope, with
the Hankel function Ho(wx)i=Jo(wx)i+iyo(wx)t
playing the rob of e1wx•

CONSTANT DEPTH, k'· 0.003

a:100cm

j ~L---...L-:'5Cm----'--_

t-g-4

.~

l~~
Fig. 4. The effect of friction (k' ~ 0.003). The upper
panels correspond to conditions at the inner wall
of a bay with constant depth, as in Fig. 1. The
lower panels refer to equivalent conditions, but with
constant bottom slope.

Table 1. Comparison between numerical and analytical solution» for stated value8 of the friction
parameter and for t» ~8.72, a =0.00313

k'~O.OOI, k'=47

Numerical " Analytical Numerical." Analytical Numerical Analytical

121a
x=O 0.00102 (0) 0 0.0060 (0) 0

~~!L -0.00050 (-0.00152) - 0.00143 0.0009 ( - 0.0051) 0.00143
x=L 0.00225 (0.00123) 0.00131 0.0029 ( -0.0031) 0.00131 0.0057 0.00131
iI/a at ;~L
real -1.495 -1.524 -1.359 -1.356 -1.179 -1.020
imago 1.273 1.296 I.l51 1.146 0.984 0.846
mod. 1.964 2.000 1.781 1.775 1.536 1.325
Ilia at;; ~L
real -0.0389 - 0.0380 -0.0328 -0.0380 -0.0249 -0.0380
imago -0.0071 -0.0070 -0.0066 -0.0070 -0.0062 -0.0070
mod. 0.0396 -0.0381 0.0334 -0.0381 0.0256 -0.0381
Isla at; ~L
real -0.0007 - 0.0055 -0.0054 -0.0149 -0.0161
imago -0.0010 -0.0080 -0.0091 -0.0200 -0.0273

<> Numbers in parentheses are corrected for a non-zero displacement at the offshore origin, presumably
associated with an apparent mass loss inherent in the Lax-Wendroff computational scheme.
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Fig. 5. Left: Lines of equal k' ~ ic'(L/H) and w =:0 i/(gH for k' = 0.003 and :0 ~ 2n/12h • Right: Lines
of equal If.lia· and If.lia·, giving non-linear contributions to the second and third harmonics
respectively. The point L~ 750 km, if ~ 16 m corresponds to the numerical example in Table 1.

treatment. For the case ic' ~ 0.003 we have
the following amplitudes Hlfnl at x=L:

(ii) Consider the contributions to the first
three harmonics arising from frictional and non­
frictional non-Iinearit.ies, respectively:

harmonic 0 2

a= 5 em, 0.069 7.55 0.126
a= 100 em, 20.4 39.5 4.3

harmonic 3 4 5

a= 5 em, 0.1l5 0.0075 0.0001 em
a~ 100 em, 6.2 1.99 1.79 em

x~O

w<l w=1

Ifi2 )1
0.9 w"k' 0.6k"2a

llJ 2w 1.4
a2

If.l 0 .•50w"k' 0.12 k 2.....
a

w~l

, (fric­
1.45 k tional)

(non-frio­
1.5 w tional)

2 (fric­
0.06 k tional)

For small ~ = ~ L/c, e.g. in short and deep
basins, all non-linear effects are small. Fric­
tional distortion is relatively unimportant for
both small and large t», Near w = I, the fric­
tional contribution as evidenced by the ratio
f./f, of the amplitudes of third to second har­
monics is of order O.lk' =0.lk2(L/H). The top
left curves of Fig. 5 correspond to deep, short
basins (or alternately to steep basins with
large "square-mean-root depth"); the right
bottom corner to shallow or flat shelves. The
third harmonic predominates near H ~ 10
meters, L ~ 500 krn, but such very shallow, wide
basins do not occur in nature and the results
of our calculation as shown in Fig. 4 are ex­
treme.

(iii) In accordance with (4.3),

1",,1 =a-order(a2 )

as compared to a reduction of order (a') of
reflected relative to incident amplitude for the
non-frictional case.

respectively. Neglecting now all higher harmo­
nics and using (4.4), the energy dissipated (per
unit width of basin) is given by

(d) Tidal dissipation

Incident and reflected energy flux at the
mouth of the basin equal

lb.1
a2

x=1

w<1 w~l w~l

I.Iw2k' 0.9 k 2 1.45 k"
(fric-
tional)

2w 1.42 1.5w
(non-frio-
tional)

0.22 w'k' 0.16 k' 0.06 k'
(fric-
tional)

1 -.2 1- 12 1 - -. 'I I'2egc(a , OI:n )=2egcH (a, "'n ) (4.6)
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TIDES IN SHALLOW WATER: SPECTROSCOPY

6

HOURS

355

Fig. 6. A tidal cycle at the inner wall of a 750 km channel, 16 m deep, for an incident amplitude of 1
m, period 12h • The curves show the linear solution, and the results of a computer experiment with and
without quadratic friction. Mean sea levels are indicated on the left scale.

Perhaps the dissipation can be estimated from
the amplitude of the third harmonic. For ex ­
ample, taking the expression (4 .5) for fs at

(4.7) x = 0, the energy dissipation is given by

~egcH'alocsl'2e·lwlf~2)(w)l!lf3(w)l·

The dissipation can be computed indepen­
dently as follows. The dissipation per unit area
is given by

~s I~31 -s ~31 3/k(! U = k (!C U •

Using (3.4) in (3.2) we have to first order
u = - 2a sin; sin w(t - 1), and the time average
of IuS' is then SaS Isina;1 < sin Sw(t - I »
= Sa'i sin s; I (~ zr).

For the entire basin, the dissipation is given by

-S - 3 - II I 31 32 -S-3 3 -1kecL u dx= -(!kcLaw
o 31l

and this leads precisely to the previous result.
The result is approximate insofar as we have
not allowed for higher order distortion of the
wave profile. But we have not neglected higher
harmonics in Iual. The agreement with the
previous result based only on frequency w is
noteworthy.

Energy dissipation and the generation of the
third harmonic are closely related processes.

Tellus XXIII (1971), 4-5

A similar relation can be found for the sea wall.

5. Analysis of extremae

So far the role of non-linearities has been
interpreted in terms of the generation of har­
monics. This helps establish a link with the
harmonic prediction method, and with the
substantial body of empirical evidence that has
been tabulated in terms of "shallow water con­
stituents." It is closer to the spirit of this paper,
and to the goal of prediction, to interpret non­
linearities in terms of their effect on the time
history.

Fig. 6 shows the distorted wave form for the
rather extreme geometry we have used for il­
lustration throughout this paper. The linear
solution gives twice the incident wave ampli­
tudes at the wall, 2 m in 16 m of water. We
note the following: (i) for the frictionless case
the crests are greatly advanced, and the
troughs similarly retarded. Friction retards
both, and under the present extreme condi­
tions cancels the crest advance. (ii) the heights
of crest and trough, when referred to the local
mean level, are both very slightly reduced in
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I
0.04 /i'" 0.003

I
I

I
I

I
0.02 /

I
f Foo
I

OJ

INCIDENT AMPLITUDE IN METERS

Fig. 7. Retardation (left) and amplification (center) of high and low water, and mean water level (right)
computed at the shore for various incident wave amplitudes. Points and connecting dashed curves
are from computer experiments, solid curves from second order theory. Geometry as in Fig. 6. Mean
levels are relative to the level at the outer boundary. There is some uncertainty concerning the run with
a=O.6 m.

the case of no friction, and substantially re­
duced by friction. (iii) mean water levels are
raised 5 em and 10 em, rospectivolyr, On the
basis of a series of computer experiments, the
dependence of the delay, amplification and
"rectification" on incident amplitudes is plot­
ted in Fig. 7. For the smaller amplitudes we
should expect to account for these relations in
terms of the perturbation theory.

Times of high and low water are determined
by

Ct = 0 = Re {-iw Ile-Iwt -2iw 12e-21wt

- 3iw I.e-· iwt - .... } (5.1)

r± ~ -! w-1a-1Re { + i e- iw/i2
) ±2i e- 21w/ 2

+ 3i e-· iw/
3 ± ...} (5.3)

= k 2a g,(W) ±a g2(W) + k 2a g2(W), say.

The functions are plotted in Fig. 8.
Note that r : and r : have the same sign if

frictionally controlled (g" g.), but opposite sign
if controlled by the other non-linearities (g2)'
At the wall g2 approaches - 3/2 for large w,

hence r± '" =+= (3/2)a, so that the crests are ad­
vanced and tho troughs delayed by an amount
(in radians)

where In(w) are the functions previously deriv­
ed. The linear component

Re { -iw lille-Iwt} ~ 2aw cos w(x -I) x

Re {-i e-IwCLIl} (5.2)

vanishes for t = 1, 1 + :n/w .... The incident crest
and trough at x ~ 0 occur at t = 0, :n/w, respec­
tively. Let r < 1 be the non-linear retardation,
so that

t+ = 1 +r+ ~ d», t : = :n/w + 1 +r- ~:n/w -rd:

are the times of high and low water, respec­
tively, and d± the associated (linear +non­
linear) delays. Equation (5.2) reduces to=+= 2aw'
cos w(x -1) r± + order (r'). r is of order a, and
we can set t = 1 and t = 1 + :n/w in the remaining
exponentials of equation (5.1). The result is

The shock condition for an infinitely long, non­
reflecting channel is aw = 2/3, and so would cor­
respond to a crest advance (trough delay) by
one radian, and a "catching-up" of a crest with
respect to the preceding trough by two radians.
Breaking requires :n radians. Of course this is
far beyor d the present approximation, but it is
encouraging that the low order theory leads to
such sensible results. At x = 1 we find gl +g. to
be always positive, and we suspect this applies
to gl +g3 +g. + ." . Then friction always retards
crests and troughs, and by equal amounts (to
this order). For the rather extreme case shown
in Fig. 7 we have k' = 141, so that the frictional
effects are pronounced even though gl + g3<go'
The convergence from gl to g3 is poor, and this
may account for the poor fit to the frictional
delays, even at small amplitudes.

Elevations of crest and trough relative to the
mean level at the outer boundary are given by

I Only about half these amounts if allowance is
made for a change in mean sea level at the outer
boundary. See footnote to Table 1.

C± ~ ±2a cos w(x -1) + Re {to ±/i2)e - Iw

+12e-,lw ±/3e-3 Iw + ... } (5.4)
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WALL

Fig. 8. The "delay" functions gn(w) of equation (5.3) at the outer boundary and sea wall. Asymp­
totic solutions for small ware indicated.

(see Fig. 9). 10 is the displacement in the mean
water level; 12 refers to a wave distortion giving
rise to a displacement of high and low water
relative to the mean. Since 10 and 12 are of the
same sign for C±, they displace crests and
troughs by equal amounts without changing the
tidal range. The frictional terms are of oppo·
site sign for C±, and so they change the tidal
range without displacing the mean level.

At the outer boundary, the 12,term pre­
dominates, and can become large for large t»,

The frictional terms are small, and they may
increase or decrease the amplitude, depending
on w. At the sea wall, the frictional terms do­
minate and their sum is always negative, thus
leading to a reduction in tidal range. The non­
frictional terms are always positive: the mean
level 10 is always above the mean level at the
mouth, and the distortion {/2e-2IW} raises crests
and troughs even further.

Referring to Fig. 5, we may inquire as to the
configurations which favor frictional or non-

MOUTH

-a

-.-.
-s

WALL

~{e·""f2')....

Fig. 9. The "amplification" functions of equation (5.4) at the outer boundary and sea wall. Asymptotic
solutions for small ware indicated.
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Fig. 10. The spectrum for an incident doublet. In
the top two panels the incident doublet carries the
same energy as the corresponding singlets in the
top two panels of Fig. l. In the same sense the
third panel corresponds to the top panel of Fig. 4.
In the bottom panel the doublet is asymmetrical
in the ratio of the observed lunar and solar semi­
diurnal tides, but carries the same energy. The
dashed curves give an approximate measure of
side band energy.

resulting spectra (Figs. I and 4) resemble in a
qualitative way what is observed at shallow­
water ports.

There is one observed feature which is bey­
ond the scope of the monochromatic treatment:
the input spectrum consists of a narrow cluster
of lines near co, and the observed spectrum at
shallow ports shows a further spread of the
cluster. Some of the spreading may be the result
of non-linear interaction of the line spectrum
with the low-frequency continuum, leading to a
smudging of each of the lines into a cusp-like
continuum (Munk & Cartwright, 1966). Here
we are concerned with line-line interactions,
leading to multiplet harmonics.

frictional effects. The appropriate asymptotic
relations are:

X~O

w<1 w=1 w::;yl

Delay functions

eg1 - OAw3e - 0.25 e ±0(w-1e)

g. -2 +0.58 ±O(I)

Amplification

Re {e - iWti2)}
- 0.8 w"k' - 0.33 k' ±O(k')---,--

a

Re {e-OIWt,}
4.0wa 1.28 ±O(w),

a

x~1

w<1 w=1 w::;yl

Delay functions

eg1 0.06 wk' -0.34e - O(w-oe)

Y. -2 -lAO - 1.50

Amplification

Re {e- IWti2) }
- 0.8 w3e

~ 0.61 h' - 1.50k',
a

Re{e-2iWt,}
LOw

,
±0.21 + 0(0.25)•a

Various problems can be analysed in terms of
L, H-diagrams (Fig. 5). For example, bore
formation calls for aw = order (I),hencew> 1. The
relative frictional effect at the wall is of order
k'/w' = ie' g ~-'. L-», which equals unity for ie'
= 0.003, Y = 108 em sec-', ~ = 2n/12h , and L
= I 500 km. It is difficult to find circum­

stances for which the tendency for radical steep­
ening is not offset by frictional flattening.

:1-.
.,

'I
2

o

-z

}":!
-z
.,
.,

:1-.
.,

k~ : 0

6. Multi-chromatic inputs

The discussion so far has been concerned with
non-linear distortions of an incident wave of
frequency co: The effect consists of a flux of
energy into harmonics nw (including n ~ 0).
Frictional effects favor odd harmonics. The

(a) Incident doublet

We consider the case of an incident doublet
(w', w") arising from the interference between
co' = 2 cycles per lunar day and «o" = 2 cycles
per solar day. The results in Fig. 10 correspond
to cases previously analysed, but with the in­
cident "singlet" of frequency wand amplitude

Tellus XXIII (1971),4-5
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a replaced by the doublet (w', «i") of amplitudes
a', a N such that the singlet energy equals the
total incident doublet energy, a2=a'2 +a N2.

The multiplet formation is evident, particularly
for large amplitudes and friction.

To obtain some analytical insight, we con­
sider the incident doublet

C(t) = a' cos os't +aNcos wNt =A cos (w't +0)

with

A 2(t)~ a,2 + a,,2 + 2a' a" cos at, tan O(t)

!! sin at

1 +!! cos at

designating the variable amplitude and phase
of the interference pattern. Here

The time origin is spring tide. For p = 1,

A ~ 2a' cos lat, os't +0 ~ l(w' +wN)t.

Now set the symmetrical doublet a' <a" =

lV2a, o)' = 29a, w' =30a, with a ~WN -w' the
(dimensionless) difference frequency, 2n ra­
dians per fortnight. Thus

lV2a[cos w't +cos wNt] = V2a cos lat cos 29.5at

We can apply all previous solutions by setting

w -+l(w' +w N) = 29.5a, a-+A(t) ~ V2a cos lat,

provided the amplitude varies slowly compared
to the time constant of the bay and to the tidal
period: a<1 and o-«os. The essential terms be­
come

Frequency SInglet

"zero" a2

~w a cos wt

~2w a2 cos 2 wt

~3w a3 cos 3 wt

Equivalent multiplet:

amplitudes

...... a2 [ 1+ cos at]

V2
...... - a[cos 29 at + cos 30 at]

2

...... ~ a2[cos 58 at + 2 cos 59 at + cos60 at]

Vi "...... -a' [cos 87 at+ 3 cos 88 at
4

+ 3 cos 89 at + cos 90 at]

energies

~a2(1+ 1)~a2

The primary frequency is split into a doublet
whose combined energy equals (by assumption)
the singlet energy. But for 2w, the multiplet
energy is 3/2 at as compared to at, and for 3w
the energy ratio is 5/2. Thus, incident multi­
plets generate harmonics with greater energy
than do the equivalent singlets. The reason is
as follows: the generation of harmonics is larger

at spring tides, and less at neap tides, than in
the unmodulated case. The departure varies
with amplitude, and the positive departure ex­
ceeds the negative departure. Within each
multiplet the amplitudes have a binominal
distribution, and the energies a square-bino­
minal distribution.

Perturbation

Frequency

Computer

Square-binominal a~ 5 cm a= 1 m

~2w

~3w

1: 1 1: 1

i: 1:~ 0.24: 1 :0.24

~:1:1:~ 0.10:0.96:1:0.11

1:1

0.2:1:0.2

0.05: 1 : 1 : 0.05
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Instead of the expected doublet: singlet
amplifications of 1, 1.5, 2.5 for w, 2w and 3w
energies, the computer experiments gave 0.91,
1.17,1.57 for a~5 em, and even less for a=1
m. These more sharply-peaked distributions
are presumably the result of higher order in­
teractions (which were excluded from the per­
turbation theory). Such higher order interac­
tions are also responsible for widening the clus­
ter at the incident frequency, w. The two cent­
ral lines in Fig. 10 (29a, 30a) represent essenti­
ally the input from the outer boundary. There
is an outer doublet 28a, 31a presumably of third
order, and an even weaker doublet 27a, 32a
presumably of fifth order. Similar multiplet
broadening is found at the other frequencies,
including "zero" frequency. The figure shows
an empirical construct in agreement with se­
cond order theory which would assign an

energy factor w 2a2 for each harmonic increment,
and a factor a" for each harmonic decrement.
With the incident energy of order a", we have,
for example, the following cubic interactions:

w + w + w of order a" . w"a" . w"a2 = w'a6

w + w - w of order a" . w"a" .a" ~ w"a6

Apparently many-line interactions lead to
multiplet broadening of the central cluster, in
the ratio

1, w"a', (w2a')", ...

for the energy in successive pairs.

(b) Frictional Effects

Friction causes strong multiplet broadening.
Frictional effects are of order a" in the odd
harmonics, and we obtain

Frequency

-3w

Singlet

a" cos wt

a" cos 3wt

Equivalent multiplet

la2 [cos 28.5 at + 2 cos 29.5 at+ cos 30.5 at]

la" [cos 87.5at+ 2 cos 88.5at+cos 89.5 at]

Since the interference pattern is precisely re­
peated each fortnight, the fractional harmonics
need to be apportioned among integral har­
monics according to

2 m+!
cos(m+l)at=±-2: 12

2
" cos nat

n n (m+ z) -n

1 1
'" ±- 2: 1 cos nat, -n<;;at<;;n,

n n m+ 2 - n

2
~ - [... -1cos (m~ l)at+i cos mat

n

+i cos (m+ l)at-1 cos (m+ 2)at- ... ]

where ± refers to m +n even/odd. Thus

cos 28.5at + 2 cos 29.5at + cos 30at

+ fo cos 28at +i cos 29at +i cos 30at + ...

so that the odd-harmonic triplet with energies
a'(l, 1, 1) transforms into the multiplet

(3:)" a'[... , 0.00009, 0.00081, 0.040, 1, 1, 0.040,

0.00081, 0.00009, ... ]

as compared to the 3w mutiplets computed for
ii ~5 em.:

le2 = 0.001: 0.368 a'[... , 0.00017,0.00096,0.041,

1, 0.98, 0.039, 0.00076, 0.00010, ... ]

ie2 ~ 0.003: 0.265 a'[... , 0.00023, 0.00137, 0.030,

1, 0.99, 0.030, 0.00110, 0.00012, ... ]

Higher friction spreads an increasing energy
into side bands, but the computed energy is
less than perturbation theory predicts, parti­
cularly for high friction.

(c) Moon-Sun interaction

Take first the simplest case of a symmetrical
incident doublet

tV2a[cos 29at +cos 30at] = A(t)cos 29.5at,

A = V2a cos tat
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According to (4.4), the reflected wave at the
outer boundary is given by (ignoring a phase
shift of 2w and setting p, = (32j9n)kl ~l(W))

(A-p,A I
) cos 29.5at=A cos 29.5at-p,al

x (1 + cos at) cos 29.5at= A COB 29.5at

-lp,al (cos 2S.5at + 2 cos 29.5at

V2
-t cos 30.5at) = -a[cos 29at+cos 30at]

2

x [... cos 29at+ cos 30at + ... ]

The energy dissipated at each of the incident
doublet frequencies is proportional to

I 2 SV2 3
alnc - arell ""-- p,a

3n

or (16 V2/3n) p, aa altogether. For the equivalent
singlet, the corresponding loss is

Doublet dissipation is S V2/3n = LIS that of the
equivalent singlet.

In fact the solar to lunar ratio (! = a' [a = 0.46,
and to allow for this approximately we may try
equation (6.1) subject to (!=a'ja<1. We find,
to order E,

phase modulation, spring:

if at =E, A =a+a', 0 =(!E

phase modulation, neap:

if at = n +E, A = a -a', 0 = -(!E

ampl. modulation, between:

if at ±n/2 -E, A = a +a'E, 0 = ±(!

The reflected wave is

A(I-p,A)cos (wt+O)

. = (1 - p,A) (a cos wt +a' cos wit)
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= a[I - p, a( 1 + l(!l)] cos wt

-a'[1 -Ip, a] cos wit

The lunar and solar dissipations are pro­
portional to (incident arnplitudelt-c-Ireflected
amplitude)". For the case of Moon only, or Sun
only, these quantities and their ratio are

2 p, aa and 2 p, a'a, Moon/Sun = (!-a = 10.2

respectively, whereas in the presence of both
tide-producing bodies we find

2 p,a(a' + la'l) and 3 p, a a'l Moon/Sun

=~((!-I+l) =3.30.

With "non-linear amplification"

1 + l(!" = 1.05, ~(!-1 = 3.25

for Moon or Sun, respectively. The ratio 3.3
agrees substantially with the ratio of lunar to
solar torques taken by Jeffreys (1952). The to­
tal dissipation

2 P, a3 +3.5 p,a a'l + ...

is associated with an increase in the length of
day, and a progressive increase in the radius of
the Moon's orbit about the Earth. Lunar and
Solar orbits are significantly coupled in the
shallow seas. Since p, is proportional to ~l(W),

this leads to the interesting speculation that the
dissipation may vary with the angular velo­
city w of the Earth relative to the Moon. For
w<, ""1 we find ~l~W", w, respectively. We
need to look into the variation of the torque L
as a result of the slowing down of the Earth,
and compare this effect to that arising from
the variable distance to the Moon.

(d) Incident equilibrium tide

We now go from the doublet input to the
multiplet input of an equilibrium tide at
30° N, directly generated from the known or­
bital constants of Moon and Sun (Munk &
Cartwright, 1966); it consists of the potentials
Pg, pi, P: (but not P~). This artificial series
Clnc(t) served as an input function for the stan­
dard shelf, and the associated tide at the sea
wall C(t) was computed in the usual manner. In
addition, we derived e(t), as the best possible
(in the least square sense) linear prediction of
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Fig. 11. The spectrum of the incident equilibrium tide (top) and the computed tide at the sea wall
for the cases of no friction and friction (ie' ~ 0,0.003), respectively. The unfilled portions of the columns
designate the energy of the non-linear component of the sea wall tide. Some "Darwin-Zetler" sym­
bols are given. The left scale refers to energy per column, with band width 1 cycle-per-month. The
w-scale (in cycles per half lunar day) is included for comparison with previous displays.

W), based on Clnc(t). The residual Cres(t) = W)
- e(t) is presumably the result of non-linear

processes.
The three series CIne' C, Cres were generated

for a length of 3 months, and then multiplied
by a function which gently fades to zero at
start and finish. In this manner the side bands
of frequencies that are not integral harmonics
of the record length are substantially reduced.
The power of each harmonic of the faded 3
month records was computed and three ad­
joining harmonics combined to yield estimates
of power within cycle-per-month bands. With­
in each series the bands were precisely centered
at the frequencies of the principal components.
All these precautions are required to avoid
truncation side bands which would otherwise
mask the non-linear effects.

Fig. 11 shows the resulting spectra of inci­
dent, total and residual tides. We can visualize
the previous analysis of the doublet as arising
from the M" S"interaction. As new features
we have the "diurnal inequality" associated
with the incident diurnal energy (frequency
l w), plus, of course the added complexity of
the w-incidence and some low frequency input.

The total incident energy in the w-multiplet

is 800 em', hence a' ~ 3.12 x 10-4 • The dashed
curves are drawn as in Fig. 10, but they give
a poor indication of non-linear effects. There
are no simple guide lines for the frictional case.
The principal conclusion is that the resulting
spectra are of such complexity as to discourage
predictions of highly non-linear tides in the
frequency domain.

There remains the question of whether the
enhancement of actual, observed spectra in the
vicinity of strong lines can be attributed to the
many-line problem (and hence be predictable),
or whether it represents a line-noise interaction.
From the work of Zetler (1967) it appears that
for species 3, 4, 5, ... the multiplet energy can
account for most of the observed tidal energy
of shallow water ports. For the "0 frequency"
species multiplet energy is relatively unimport­
ant as compared to the meteorologically in­
duced continuum which obscures all but the
strongest lines. For the principal energy at 1
and 2 cycles-per-day the many-line interaction
within the incident multiplet, as considered
here, is certainly a factor, especially at the
outer skirts of the species, but otherwise the
enhanced energy found between the lines must
be the result of line-noise interactions.
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Notation

x,x

t, t
ii, a
t,~
H
h=H+~

u,u
e,c
w,w
x,x

dimensional, and dimcnsionaless
distance, positive shoreward

time
incident wave amplitude
tidal elevation
undisturbed water depth
total water depth
flow velocity
wave velocity
frequency
wave number

!Xl !X2 ' ...

ie', k"
~~ -w (x-I)

width of shelf
harmonics of tidal elevation, fre­

quencies 0, w, 2w, ...
hamonics of flow velocity, fre­

quencies w, 2w, ...
harmonics of reflected wave eleva­

tion
friction parameter
dimensionless distance, positive

seaward
observed and predicted tides

ITPHJIHBbI B MEJIlwtl: BO)J;E: CITEHTPOCHOITHH

AHaJIH3HpYlOTCH HeJIHHefiHhle HCHameHHH AJIHH­

HhiX BOJIH (rrpHJIHBOB) na MeJIHOBOAhe. 8tPtPeHThi

HOHeqHOCTH aMrrJIHTYAhI, HaHJIOHa AHa, TpeHHH

H MHorOHOMrrOHeHTHhle B3aHMOAeficTBHH H3­

yqalOTCH OTAeJIhHO II: B HOM6HHa~1I:1I: rrYTeM He­

rrOJIh30BaHHH Hal' MeTOAa B03MYI.QeHHfi, Tal' H

qHCJIeHHOrO peurenna rrOJIHhlX HeJIHHeMHhlX
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ypasnenaa. HCHameHHH, Bhl3hIBaeMhle HamAhiM

HCTOqHHHOM HeJIHHefiHocTH, rrpeACTaBJIeHhI B

npocrpancrnax BpeMeHII: H qaCTOT. 06cym­
nalOTCH nexoropue CJIenCTBHH rrOJIyqeHHhIX

pesym.raron P;JIH npencxaaanaa rrpHJIHBOB B

JIOKaJIhHhIX H rJI06aJIhHhIX MacwTa6ax oxeana.


