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Abstract Generalized Toeplitz Graphs

Coding Theory Results

In a groundbreaking paper, Calderbank et al. es- Circulant Graphs are commonly used to generate From the adjacency matrices of generalized Toeplitz graphs, we discovered two new QECCs of lengths n = 66 and n = 93 with respective minimum distances

tablished that quantum stabilizer (CIUbiQ .codes gan QECCs[4] and ha\_/e a circulant ad acency matrix: d = 17 and d = 22, improving upon previous best minimum distances of d = 16 and d = 21. The following codes were generated from a randomized search
be represented by self-orthogonal additive cod 1 2 3 4 5 using the MAGMA programming language.
over GF(4)". In this presentation, we specifical 5 1 2 3 4
look at the representation of O-dimensional qubis 4 5 1 2 3
codes by self-dual additive codes. Self-dual addi- 3 4 5 1 0 C :
odes of New Type Directly Constructed Codes
tive codes are additive subgroups of GF(4)" and 2’3 4 5 P ) Code Tables
are classified by their length and their minimum : - . . - , , o , , , ,
: : : Toeplitz graphs generalize circulant graphs and have Table 1:Optimal Codes of a Type Unattainable via Circulant Graphs [4] Table 2:Optimal codes created using a direct construction
distance (a quantity proportional to the number of Toeplitz ad rix: —
errors the code can COITCCt). Addlthnally, self- d 10€pliiz a JaCCI_lcy matrix. _ Fn dmln(C(Fn)) Type Group ID A k(Fn) |Aut(rn)‘ Code Order Group Min Dist
dual additive codes can be generated by graphs, 2 3 1 0 —I I'g 4 I Gs,2 Aig 4 48 155,0,16]] 55 Ls X L1 16
though many such current codes in literature are 2 3 1 0 I'1 6 I Gup A 6 12 181,0,20]] 81  SmallGroup(81,8) 20
constructed from circulant graphs and their varia- 9 2 3 1 I 8 1 G205 Apo 6 40
tions. 0 9 2 3 I’y 8 I G Axp 10 22
_ 2 0 9 2 I»g 10 I Gog 3 Arg 16 28
We present a new code-construction from gen- . - . ! A
. . [36 12 I Gses Aszg 13 72
eralized Toeplitz graphs to generate new zero-
dimensional qubit codes. Let G be a finite group. A
A generalized Toeplitz graph I' = T;(S) has the Detinition
vertex set V(I') = G and the edge set £ (I') = Let G be a semigroup, S C V C G, with |V/| finite.
{(v,sv) : s € S,sv € G}. Using the given gener- Graph Theory Results
alized Toeplitz construction and randomized com- The generalized Toeplitz graph [1] T = Ty(S)
puter Seard.l’ we obtained 66 and 9?'length qubit has Generalized Toeplitz Graph Example Generalized Toeplitz Properties
codes that improve the minimum distance of the V([) =V
t codes b . : : :
current codes by one E(T) = {(vsv):s€S,svEV) The GT graph Ty _ 7 ({(0,1),(0,2),(1,2)}). Let S C G be the defining set, and I" = T;(S) be the generalized toeplitz
Key words: Generalized toeplitz graph, qubit graph generated from S.

To ensure that the graph 1s simple and undirected,
S=—-Sand1¢S. e [f G 1s a group, then a unique S produces a unique edge set. (ie.

A#B=E(Ty(A)) # E(Tv(B)).)

e The complement I' := Tg((G\ S)\ {1}).

codes

We consider graphs with V = G and G a group.

Self-Dual Additive Codes

Let GF(q) be an alphabet, ¢ € N. An additive code
of length n over GF(g) is any additive subgroup of
GF(g)". They are often represented as a generator

Computational Methods o If G is a semigroup, then T(S) is |S|-regular

matrix, whose rows additively span the subgroup. Algorithm 1 Pseudocode to Generate GT Graph e Let G be a finite group. Then the valence of T(S) is even if S contains an
Under the Hermitian trace iner product x, Require: ACV\{1},A=A4"" | | even number of involutions.
. . o 1: forveV do

C*:={X € GF(q)":¥Yc¢eC,cxXx=0}. . for a €A do e Let G be a finite group with |G| = n. Let H < G be a subgroup such that
C is called self-orthogonal if C C C* and self-dual if 3. if av eV then G:H|=2. Let K denote the complete graph on n/2 vertices. For
C = C*. Codes whose codewords all have even weight Add edge (v,av) to graph T H*=H\ {1},
are called Type II; else, they are Type 1. . endif Tc(H") = KnUKn

5. end for
From graphs to QECCs * ond for e Let G, H be finite groups. If G = H with ¢ : G — H, then
Danielson and Parker An n X n graph adjacency ma- T6(S) = Tu(9(S))
trix A generates a self-dual additive code over GF (4) Algorithm 2 Pseudocode to Generate GT Codes
defined by A 4+ wl with parameters ||n,0,d|], [3] They 1: G is a group of order n References
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