A MAP ON THE SPACE OF RATIONAL FUNCTIONS

G. BOROS, J. LITTLE, V. MOLL, E. MOSTEIG, AND R. STANLEY

ABSTRACT. We describe dynamical properties of a map § defined on
the space of rational functions. The fixed points of § are classified and
the long time behavior of a subclass is described in terms of Eulerian
polynomials.

1. INTRODUCTION

Let R denote the space of rational functions with complex coefficients.
The Taylor expansion at x = 0 of R € fR is written as

(1.1) R(z) = Z anz"
n>=>>—oo

where n > —oo denotes the fact that the coefficients vanish for large negative
n. We consider the map § : R — R defined by

(1.2) FR(z) = > agpra™
n=—oo
The map § can be given explicitly by
R(Vx) — R(—/7)
2\/x
and it appeared in this form in the description of a general procedure for

the exact integration of rational functions [1]. The splitting of an arbitrary
function R into its even and odd parts R(z) = Re(x) + Ro(x) yields

(1.4) /OOOR(x)dx - /OOORe(:c)dx+/OOORO(:n)d:E.

The integral of the even part can be analyzed with the methods described
in [1], and the integral of the odd part can be transformed by x — /z to
produce

(1.5) /OOOR(x)dx _ /OOORe(x)dx—l—%/OOOS(R(x))dx.

(1.3) S(R(x)) =
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Here we consider dynamical properties of the map § : R — R. Section 2
characterizes rational functions R for which the orbit

(1.6) Orb(R) := {g%)(R(l«)): ke N}

ends at the fixed point 0 € R. Section 3 describes the dynamics of a spe-
cial class of functions with all their poles restricted to the unit circle. We
establish explicit formulas for their asymptotic behavior expressed in terms
of Eulerian polynomials A, (z) defined by the generating function

1-2z
(1.7) 1 —zexp[A(1 — ) Z

m=

The proof only employs the classical result [6]
(1.8) Ap(z) = (1—xz)"H! Zk%k.
k=0

Section 4 contains a description of all the fixed points of §.

The map § can be supplemented by
R(Vr) + R(=V7)
(19) E(R(z) = 5
for which similar results can be established. See [4] for details. These
transformations can be written as

R(z?) + wa R(waz'/?)

R(:cl/z) + R(ngl/Q)

3(R(x)) = — and €(R(x)) = :
where wy = —1. The extensions to higher degree will be considered in future
work. For instance, in the case of degree 3 we have three different maps:

1
T(R@) = 3 |R@)+ R + Rwia'?)]
1
To(R(2)) = o7z |R@?) + wiR(wsa'/?) + waR(wia'/?)|
3z
1
Ta(R(2)) = [R(@'?) + wyR(wsa' %) + Wi R(wia' /)]
32/3

where w3z = e2mi/3
Notation: For n € N, mq,--- ,m, are odd integers.

L= (mimg---my)~ ! and m* =mq +mg + - +m, — 2.

For jeZ andn e N

(1.10) Qun(z) = H(x ko

k=1
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and

(1.11) Rjn(x) =

2. THE KERNEL OF THE ITERATES

Even rational functions can be characterized as the elements of the kernel
of §. In this section we characterize those functions that vanish precisely
after n applications of §.

The sets
K, = Kerg® = {sen: §"(s) =0}

form a nested sequence of vector spaces. In this section we describe the
class of functions in .J, := K,, — K,,_1, i.e. those functions that vanish after
precisely n applications of the map §. In particular we show that J, is not
empty.

The decomposition of S € R into its even and odd parts can be expressed
as

(2.1) S(x) = Sii(2?)+ xS91(x?)
where S11, S2,1 € . This decomposition applied to Si 1, S2,1 yield
S(x) = 5172(.’/64) + .%'52,2 (5134) + $25372(.%'4) + .%'354,2(.%4).

Iterating this procedure produces a general decomposition.

Lemma 2.1. Given n € N and S € ‘R there is a unique set of rational
functions {S;, : 0 < j < 2" — 1} such that

o
(2.2) S@) = > 2 7'8a(™).
j=1

Proof. Split the sum in

(2.3) S) = Y apa
according to the residue of £ modulo 2". [l

We now show that the functions S € J,, are precisely those for which
Son = 0 and Syn-1,, # 0. This generalizes the case n = 1 that states that
$(S) = 0 precisely when S is even.
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Theorem 2.2. The rational functions that vanish after precisely n appli-
cations of § are those of the form

2" —1

(2.4) S) = Y 278",
j=1

where Sy, -, Son_2,, are arbitrary rational functions and Son_1, # 0.

Proof. A direct calculation shows that if

271
(2.5) S@) = a5,
j=1
then, for 1 <k,
2n7k
(2.6) FOS) @) = D @l S, @),
j=1
The statement now follows from
(2.7) FrIS) () = Syt (a?) + 2Sam o (2?)
and
(2.8) FM(S)(x) = Sonn(@).

O

Note. We now state the result of Theorem 2.2 in the language of dynamical
systems. Let f: X — X be a map on aset X and zp € X be a fixed point of
f,ie. f(xo) = xo. We say that a sequence {z1, z2, -+, x,,} of elements of
X is called a prefized sequence of length n attached to xg if z;41 = f(z;) and
f(zyn) = zp. Theorem 2.2 states that § admits prefixed sequences attached
to 0 of arbitrary length.

3. THE DYNAMICS OF A SPECIAL CLASS

The asymptotic behavior of § can be described in complete detail for
rational functions in the class

P
(3.1) &, =, (my,...,my) = { (z) : P is a Laurent polynomial } ,
where my, - -+, my, are odd positive integers and Qn(x) is defined in (1.10). A

Laurent polynomial is a rational function of the form a_pz=*+a_j a2 F 1+
R aj_lazj_l +ajx’ with k, j € N.
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The case n = 1 has been described in [2]. The results are expressed in
terms of the function

(3.2) i) = m 3] = 5m =161

2] 2
) m—=1+j)/2 ifjiseven
G -1)/2 if j is odd.

Theorem 3.1. Let m be an odd positive integer. Then

1) For j € N
' ()
(3.3) 3( v > -

zm -1 zm -1

Thus, the dynamics of § on €; is reduced to that of ~,, on Z.
2) The iterates {’y,(,f)(j) :p=0,1,2,--- } reach the set
(3.4) Ap = {0,1,2,--- ,m—2}

or the fixed points —1 and m — 1 in a finite number of steps. Moreover, 2,
is invariant under the action of ~,,. This action partitions 2,, into orbits.

3) The inverse of the restriction of 7, to 2,, is given by

55) 5(k) — {2k:+1 0 < k< (m—2)/2

2k+1—-m if(m—-1)/2<k<m-2.
Note 3.2. The explicit form of §,, permits the explicit computation of the
orbits of v, on the invariant set 2,,,. For example, if m is prime then every
orbit of v, is of length Ord(2;m). In particular, there is a single orbit if
and only if 2 is a primitive root modulo m.

The iterates ’yr(;?) (j) can be characterized by the congruence (3.6) below.

This will be used in the determination of the limiting behavior of the iterates
of § below. The proof of this congruence and the numerical and symbolic
evidence of the asymptotic behavior of the iterates of § on R; () were part
of a SIMU 2002 project. Details will appear in [4].

Lemma 3.3. Let m be an odd positive number, 0 < 7 < m and p € N. The
unique solution of

(3.6) 2°(zx+1) = j+1 modm

in0 <z <misgiven by z = ’yéf)(j).
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Proof. The proof is by induction on p. Note first that the solution of the
congruence (3.6) is unique because ged(m, 2P) = 1. The base case (p = 0) is
r+1=j5+1 modm
with unique solution j = %(79) (). To complete the inductive step observe

that

24 (14480(G) = 2 (1 +m {@J — S m =16 () - 1))
2P+ m Lva(J)J +2Pm (vﬁ,’l’)(j) - 1) + 2P (agﬁ)(j) + 1)
= j+1 modm.
(]

The map § has a very rich dynamical structure. The case n = 1 exempli-
fies this.

Theorem 3.4. Let r € N. Then § has at least one periodic orbit of length
r.

Proof. For r € N define m = 2" — 1. Then the orbit of 1/(z™ — 1) under §

is ) )
r—1__ r—2__
1 22 1 22 1

zm —1 zm —1 zm —1 zm —1 zm —1

We now consider the properties of the class &€, for n > 1.

Lemma 3.5. The class €, is invariant under the action of §.

Proof. We show that §(R, j(x)) € €,. The linearity of § yields the result.

Introduce the notation

(3.7) Spi= 3 gt tetmy)/2
where the sum is taken over all subsets of {mq,---,m,} containing [ ele-
ments, the empty sum giving Sy = 1.
Now
n n

(3.8) I1 (mmk/Q + 1) = 1+Y>5

k=1 =1
and

k=1 =1
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so that
i—1)/2 (" n
$(Rjn(z) = % {; S+ (1) ;(—WSJ}
2G=1)/2
=: 7262"(@ x S.
The sum S contains all the terms S; with [ of the opposite parity of j so
that 20~1/2 x § is a polynomial. O

We now consider the orbit under § of a general rational function R in
the class €,. The case n = 2 illustrates the general situation. A direct
calculation shows that

xJ pi=14m1)/2 | o (—1+m2)/2 o
§ ((xml —1)(am2 — 1)) - (@™ — 1)(zmz — 1) if j is even
and
xl 2—1)/2 + pU—1+mi1+ms)/2 o
§ ((xml —1)(am2 — 1)> = T D@ D) if j is odd.

Thus § preserves the denominator of R (as was shown in Lemma 3.5) and
each monomial of R yields two monomials. We now show that the exponents
of these monomials are always bounded.

n
Proposition 3.6. Let m* = >  my — 2 and define
k=1

P
A = {Q_ € ¢, : P is a polynomial with deg(P) < m*} :

Then 2l is invariant under §, and every orbit starting at R € €, reaches it
in a finite number of steps.

Proof. Let R = P/Qy, € €, and write §(R) = P1/Qy. The largest exponent
in P, call it j, appears from the sum S,,. The inequality j > m™ is equivalent
to %(j—l+m1+'~-+mn)<j. The case j < 0 is similar. O

Now we consider the asymptotic behavior of the iterates of §. This is
expressed in terms of the Eulerian polynomials A, (x) defined in (1.7). The
number

(3.10) d = ged(mi, ma, -+ ,mp)
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determines the number of limit points of the sequence of iterates. In Theo-
rem 3.7 we prove that if d = 1 then

9(n—1)p Ap_q(x)
(n—1!'my---m, (1—x)»

(3.11) P (R(x))

The case d > 1 is described in Theorem 3.8. We prove that the sequence of
iterates of § applied to the function 27/Q,(z) taken along a fixed residue
class modulo (defined in (3.18)) has an asymptotic behavior as in the case
d = 1, with limit points expressed in terms of Eulerian polynomials.

This suggests the existence of an arbitrary number of limit points, but we
have not ruled out the possiblity of all these could coincide.

The proof of the next result employs the elementary observation that if

(3.12) R(z) =Y f(k)a"
k
is the expansion of R, then
(3.13) FP(R)(x) =D F(2P(k+1) - 1)a”.
k
Theorem 3.7. Let R € 2 and suppose d = 1. Then

_ FPR) (=) LA ()
(3.14) S Sme T A=) (2 —1)!

where L = 1/(my - --my,).

Proof. Since d = 1, the rational function

P(z)

has a pole of order n at x = 1 and poles of order less than n at the other
zeros of Qn(x), all of which are roots of unity. Thus the partial fraction
expansion of R has the form

(3.16) R(z) = ﬁu;(x)

where the term G(x) contain all the terms of order lower than n. Hence

(3.17) Rz) = LY. <” ;LL b= 1>x’“ +G(x)
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where the coefficient of 2* in G(z) is O(k"2). Thus
®) _ nABEE2N kL 2
3P (R)(z) L%( o 2 + 3G (x)
L2(m=1)p

_ n—1_k n—2
= WZk xT +O(2( )p)
k

where we have used
n + 2Pk 4 2P 2(n=1)p
() - i

as p — 0o. The result now follows from (1.8). O

EPl 4 0202y

n—1

The analysis of the case d > 1 involves the function

(3.18) pli) = Ord(*ﬁil,d))

with d as in (3.10). The function p appears in the dynamics of ~,,: for
0 < j < m — 2 the length of the orbit containg j is p(j). See [2] for details.

Introduce the notation

(3.19) By = {j€Z: thereexists r € N: 7\ (j) =i}
for the backwards orbit of v, and let
(3.20) A = E1UE; 4

be the points that eventually are mapped to the fixed points of ~,.

Theorem 3.8. Let n € N.

a) If j € A then

 FP(Rjn(2)) Ld™Ap_1(z7)
lim ———2—2 = )
p—oo  2(n=1)p (n—1)!(z¢—1)"
b) If j € A choose 7* such that
it=ay G e 0,1, d -1
Then for any ¢ € {0, 1,...,p(j*) — 1}
(Pr(G*)+D(R. y
lim 5 (R]n(x)) _ Lx
p—oo  2(n=1)(pp(i*)+q) (n—1)!(z?—1)»
n—1
n—1
x ZO(—l)l( ) Dt e

l
where v = 7((;1) 7).
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Proof. Since ged(my, ma,---,m,) = d, the function R;,(x) has a pole of

order n at the d-th roots of unity and a pole of strictly lower order at all the

other zeros of @, (x). Thus its partial fraction decomposition has the form
x Co Ch Cq—1

= + +.--4+ ——-—— + lower order terms
Qn() (=1 (z—w)" (= wa—1)"

where wy, = exp(27ik/d), 1 < k < d — 1. The coefficients C}, are given by

T — wg) 2!

. ( n+j
Thus
-1 o
, _ J
(3.21) Rjn(x) pr (z — w;)" + G(x),

where the term G(z) includes the polar parts of all poles of order less than
n. Then

d—1 00
—1)" n+k—1\zF
Rjn(z) = ch(wn) Z( L )—k—l—G(x)
1=0 I k=0 Wy
o a7t n+k—1
n - —k
= (-1 LZZ( o ) IRk 4 G(a)
k=0 1=0
Therefore
0o d—1
_or 2"(k+1)—2
g(r)(Rj,n(x)) _ (_1)nL ( wlj 2 (k+1)+1> <n+ ( +1 ) )xk—kg(”)(G(a:))
k=0 \1=0 ne
Now

di:lwq - 0 if d does not divide ¢
=0 L7 1d  if d divides g,

so the only values of k£ that contribute to the sum are those for which
j+1 = 2"(k+1) modd.
Case 1: Suppose j € A and let r* € N be such that fyo(lT*)(j) = —1. Then
Lemma 3.3 shows that k = vérw*)(j) + Nd = Nd — 1. Thus
n—2+ 2"t Nd
n—1

S(T’+r*)(Rj7n(l.)) _ (_1)nLd§: ( >de1 +S(T‘+r*)(G(w))_
N=1

In the limit as » — oo the binomial coefficient is asymptotic to
2(r+r*)(n—l)Nn—1dn—l
(n—1)!
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The number r* is fixed, so we have

. S(TJFT*)(Rj,n(flf)) B (—1)”Ld”An_1(a:d)
(3.22) TILHOIO 9(r+r*)(n—1) o (n—1!(1— .%'d)n

as promised.

A similar argument shows that the same result is true if j lies on the
backward orbit of the second fixed point.

Case 2: Now assume j ¢ A. Lemma 3.3 shows that
E=ay0) + Nd =8 (47 (5)) + N,
Thus

r+r* (r+r*)( *
S(T—i—r*)(Rj,n( _ nLdZ (n_2+2 + (Nd+1+'7 (])))de-l-“{((f-'—r )(j).

n—1
In the limit as r — oo, the blnomlal coefficient is asymptotic to
20401 (1 4 § 4 N~

(n—1)!

where § = v("*7)(j). Thus

(r+1%) ) 1\ 6
5 (Rj,n(l‘)) . ( 1) Ldzx Z(1+5+Nd)”_1 g;Nd—i—O(l).

2(r+r*)(n—1) (n _ 1)! frart
Now
o) fe’e) n—1
L n—1 n—1—1 7l
S (146 + Nd) - (" ey
N=0 N= 1=0
n—1
_ n—1 ot A
) l:0< a2

As a function of r,
6 =+(5) =4 ()
has period p(5*). Write r = pp(5*) + ¢ with 0 < ¢ < p(5*) — 1 and replace

7G5 by 17

Y4 j*) to obtain

FweU ) (R; L (2)
oppG ) +atr)(n—1)
(@) (% n—1
(=1)"Ldza U n—1 (@) oyt L A" A (2?)
1).
Gonr 2\ )OO T et

To conclude the proof, observe that as ¢ runs over the set of residues modulo
p(j*), so does q + r*. O
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4. THE FIXED POINTS OF §

A formal power series argument shows that any rational function R fixed
by § must have an expansion of the form

00
(41) l‘R(l') - C+Zanw($2n+1)’
n=0
where
> k
(4.2) p(z) = Y a¥ =z+a?+at 425+
n=0

In particular, R has at most a simple pole at the origin and if

R(z) = Y f(n)a"

n>—1

is such a fixed point, then f(2n) = f(n) for n > 0. Thus the problem of
finding fixed points of § is reduced to finding sequences {a, } for which (4.1)
is a rational function.

The class of functions discussed in Section 3 yields examples of fixed
points. Let m be an odd positive integer, then m —1 is fixed by 7, therefore
Rim—1(z) = 2™ 1/(z™ — 1) is fixed by §. This example can be obtained
by a different approach. First observe that if F(R) = R and r is any odd
positive integer, then the function

(4.3) B,.(R(z)) = 2" 'R(z")

is also fixed by §. The function g(z) = 1/(z — 1) is fixed by §, so that
Rim—1 =Bn(g9(x)) is also fixed.

The description of all the fixed points of § requires the notion of cyclo-
tomic cosets: given n, r € N with r odd and 0 <n <r — 1, the set

(4.4) Crn = {2°7n mod r: s€Z}

is the 2-cyclotomic coset of n mod r. Euler’s theorem implies 2"~ =
1 mod n so C,, is a finite set. With X\ a fixed primitive r-th root of unity,
define

)\m
(4.5) fra(@) = > T wia
mGC’r,n
The partial fraction decomposition of the fixed point 9B,,(g(z)) can be
decomposed into a sum of rational functions each fixed by §. For example,

consider B7(g(r)) = 2°/(x7 — 1) and let A\ = exp(27i/7) be a primitive 7-th
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root of unity. Then

6 )\k
(46) TBe(g(x)) = D>

k=0
S Y (S S S W
 1-—=x 11—z 1—-Xz 1-)z

A3 A5 A6
(1—)\3:c+ —xz 1—)\6:c>7

where each of the sets of terms grouped together is a rational function fixed
by §. In the notation introduced above, this decomposition is

(4.7) ™B7(9(x)) = fro(z)+ fra(e) + fr3(@).

We now classify all the fixed points of §.

Theorem 4.1. A rational function is fixed by § if and only if it is a linear
combination of % and the functions f, ,(x) for r odd and 0 <n <r —1.

A A2
S(1—/\ac> 1=\

shows that § fixes the f., because the squaring map S : z — 22 permutes
the values A™ for m € C.,,.

Proof. The identity

We first establish the converse under the assumption that the poles of R
are simple. The final step of the proof consists of checking that this condi-
tion holds for any fixed point of §.

Let R be a rational function that is fixed by §, with simple poles. The
partial fraction decomposition of R is

x

J
c Qi
4- = — #
(4.8) R(x) T
J=1
which is unique up to order. Apply § to produce
J 2
R = - .
(z) x + ; 1-— /\]2-:5

The uniqueness of (4.8) shows that

(4.9) Ay = DR AT

that is, the set A = {A1,---, s} is permuted by the squaring map. We
conclude that the set {)\?" : n € N} is a finite set (a subset of A) and so
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every Ap is an rp-th root of unity, for some odd positive integer ry.

Now group terms in the sum (4.8) according to the orbits of the squar-
ing map S on the set A. The coefficient «; in (4.8) must be constant
along each orbit and moreover the orbit of A\p under S is precisely the set
{A\l' s m e Cp,, } for some n. Therefore R(x) can be decomposed as a linear
combination of the required form.

The next result concludes the proof of the theorem.

Proposition 4.2. Let R(z) be a rational function that can be expressed in
the form

(4.10) zR(x) = c+ i anp(z?" )

n=0

where ¢ is given in (4.2). Then the poles of R must be simple.

The following result, used in the proof of Proposition 4.2, is demonstrated
in [7], page 202.

Lemma 4.3. Let ¢1,¢o,...,qq be a fixed sequence of complex numbers,
d > 1, and ¢4 # 0. The following conditions on a function f : N — C are
equivalent:

(1) Lsp f(R)2" = 5 where, Q(x) = 14+ qro+ g2+ g3+ -+ qaa’.
(2) For n >0,

k
fn) =) _ B(m)A?,
i=1
where 14 ¢z + qoa? + qza® + - - + gz = Hle(l — Xiz)%, the \;’s
are distinct, and P;(n) is a polynomial in n of degree less than d;.

Proof of Prop. 4.2: Assume P(x),Q(x) are relatively prime, and that f(n)
is the generating function for P(z)/Q(zx) written in the form promised by
the lemma above (for n > 0). Since f(n) = f(2n),

k k
Q) = [T = xna)® = T(1 = Aa)",

i=1 i=1

SO
A, e = {03, 2
As in the proof of Theorem 4.1, we conclude that each A; is a primitive r;-th
root of unity for some positive integers r1, ..., 7.
Define M = lem(ry,...,rg). For a € N, define R, = {m € N: m =

a mod M} and define f, = f n to be the restriction of the function f :

a
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N — C to the set R,. Then

k k
fala+ M) =>"Pla+ MM =3 Pi(a+ jM)N,
=1 =1

so each f, has a representation as a polynomial in the variable j since Ay
is constant on the set R,. We denote the natural extension of this map to
an element of C[j] by F,. Note that the restriction of F, to N will not be
f in general. Our goal is to prove that each Fj is a constant function, with
corresponding constant denoted by ¢,. Once this is shown, we have

M

P() _ N il N _Cal”
Q(x)_zca' r _Zl_xM’
a =0 a=1

=1

so P(x)/Q(x) is a rational function with only simple poles, as desired.

It remains to show that each polynomial map F;, : C — C is a constant
function. For each positive integer n, define S, = {2'n : t € N}. We say
that a has an infinite cross-section if R, N S, is an infinite set for some
n € N. We proceed by considering two cases, depending on whether a has
an infinite cross-section or not.

Case 1: Suppose a has an infinite cross-section, i.e., R, NS, is an infinite
set. Since f(s) = f(2s) for all s € N | F, is constant on R, N S,. Since
R, NS, is an infinite set, F, is a constant polynomial.

Case 2: Suppose a does not have an infinite cross-section, i.e., R, N Sy,
is finite for all positive integers n. Then R, N S, must be nonempty for
infinitely many values of n. Since there are only finitely many distinct sets
of the form Ry, it follows that for each S, there exists b € N such that
Ry NS, is infinite. Moreover, since there are only finitely many choices for
Ry, there is at least one b € N such that there exist infinitely many values of
n where R, NS, is nonempty and Ry N .S, is infinite. Since b has an infinite
cross-section, an application of Case 1 demonstrates that the restriction of
f to Ry is the constant function ¢;. Since f is constant on each S, the
restriction of f to S, is the constant ¢;. Thus F, achieves the value ¢,
infinitely many times, and so F, must be a constant polynomial. O

The proof of Theorem 4.1 is complete.

Note 4.4. For each fixed point Ry we construct the rational function

on_1
(4.11) R(z) = > 2/ 'Rjn(2®") — Ry(x),
j=1
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where Ry, -+, Ron_o, are arbitrary rational functions and Ran_1, # 0.
Theorem 2.2 shows that R is the general form of a prefixed sequence of
length n attached to Ry.
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