SOME ASPECTS OF (r,k)-PARKING FUNCTIONS
RICHARD P. STANLEY AND YINGHUI WANG

ABSTRACT. An (r, k)-parking function of length n may be defined as a sequence (aq, ..., ay,)
of positive integers whose increasing rearrangement b; < - -- < b,, satisfies b; < k+ (i — 1)r.
The case r = k = 1 corresponds to ordinary parking functions. We develop numerous
properties of (r, k)-parking functions. In particular, if F"™" denotes the Frobenius charac-
teristic of the action of the symmetric group &,, on the set of all (r, k)-parking functions
of length n, then we find a combinatorial interpretation of the coefficients of the power

k
series (Zn>0 Fff’l)t") for any k € Z. For instance, when k > 0 this power series is just

Ym0 F,Y’k)t”. We also give a g-analogue of this result. For fixed r, we can use the sym-

metric functions F,Y’l) to define a multiplicative basis for the ring A of symmetric functions.

We investigate some of the properties of this basis.

1. INTRODUCTION

Parking functions were first defined by Konheim and Weiss as follows. We have n cars
Ci,...,C, and n parking spaces 1, 2, ...,n. Each car C; has a preferred space a;. The cars go
one at a time in order to their preferred space. If it is empty they park there; otherwise they
park at the next available space (in increasing order). If all the cars are able to park, then
the sequence o = (ay,...,a,) is called a parking function of length ¢(«r) = n. For instance,
(3,1,4,3) is not a parking function since the last car will go to space 3, but spaces 3 and
4 are already occupied. It is easy to see that (aq,...,a,) € [n]" (where [n] = {1,2,...,n})
is a parking function if and only if its increasing rearrangement b; < by < --- < b, satisfies
b; <.

Let PF,, denote the set of all parking functions of length n. A fundamental result of
Konheim and Weiss [2] (earlier proved in an equivalent form by Steck [7]—see Yan [8, §1.4]
for a discussion) states that #PF, = (n + 1)"71. An elegant proof of this result was given
by Pollak (reported in [3]), which we now sketch since it will be generalized later. Suppose
that we have the same n cars, but now there are n + 1 spaces 1,2,...,n + 1. The spaces
are arranged on a circle. The cars follow the same algorithm as before, but once a car
reaches space n+1 and is unable to park, it can continue around the circle to spaces 1,2, ...
until it can finally park. Of course all the cars can park this way, so at the end there will
be one empty space. Note that their preferences (as,...,a,) € [n + 1|” will be a parking
function if and only if the empty space is n 4+ 1. If the empty space is e and the preferences
are changed to (ay +14,...,a, + i) for some ¢, where a; + i is taken modulo n + 1 so that
a; + 1 € [n+ 1], then the empty space becomes e + i. Hence given (ay,...,a,) € [n + 1]",
exactly one of the vectors (a; +4,...,a, + i) will be a parking function. It follows that
#PF, = —5(n+1)" = (n+1)""".
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We will use notation and terminology on symmetric functions from [6, Chap. 7]. The
symmetric group &, acts on PF,, by permuting coordinates. Let F, := chPF, denote
the Frobenius characteristic of this action of &,,, as defined in [6, §7.18]. Hence F), is a
homogeneous symmetric function of degree n, called the parking function symmetric function.
If « = (ay,...,a,) is a sequence of positive integers with m; i’s (so Y. m; = n), then the
Frobenius characteristic of the action of G,, on the set of permutations of the terms of «
is the complete symmetric function A, hy,, - -+ (with hg = 1). Hence to compute F),, take
all vectors (by,...,b,) € PF,, with b; < by < -+ < b, (the number of such vectors is the
Catalan number C,) and add the corresponding h) for each. For instance, when n = 3 the
weakly increasing parking functions are 111, 112, 113, 122, 123, so F3 = hz + 3hyhy + h3.

The symmetric function F), has many remarkable properties, summarized (in a dual form,
and with equation (1.2) below not included) in [6, Exer. 7.48(f)].

Proposition 1.1. We have

F, = Z(n—i—l)zo‘)_lz;lp}\
AFn

1
_ Z SA(ln—H)S)\

n+1

AEn
- n—i—lZ[H( A ) "
AFn %
nn—1)--(n—0\) +2)
1.1 =
(11 D MEVIERT G R
n+2)(n+3) - (n+L(N)
1.2 = € e
(1.2) ; ) () 3
1 n+1
wkF, = —— 1:[( A ) my,
where d;(\) denotes the number of parts of X equal to i and ey = (—1)""*N . Moreover,
1
1. F, = ——[t"|H(t)""
(1) 2= o [H
where [t"]f(t) denotes the coefficient of t" in the power series f(t), and
n 1
HO =2 " = 0o

n>0

Note in particular that the coefficient of h, in equation (1.3) is the number of weakly
increasing parking functions of length n whose entries occur with multiplicities Ay, Ao, . . ..

A further important property of F),, an immediate consequence of equation (1.3) and the
Lagrange inversion formula, is the following. Let

(1.4) E(t) =) ent" =[] +ait),

n>0 i
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and let G(t)~" denote the compositional inverse of the power series G(t) (which will exist

as a formal power series if G(t) = ait + ast> + - - -, where a; # 0). Then
(1.5) > Futt = (tE(—t))Y,
n>1

There are several known generalizations of parking functions. In particular, if w =

(ug,...,u,) is a weakly increasing sequence of positive integers, then a u-parking function is
a sequence (ay,...,a,) € P" (where P = {1,2,...}) such that its increasing rearrangement
by < by < --- < b, satisfies b; < wu;. Thus an ordinary parking function corresponds to

u = (1,2,...,n). For the general theory of u-parking functions, see the survey [8, §13.4].
We will be interested here in the special case w = (k,r + k,2r + k,...,(n — 1)r + k), where
r,k > 1. We call such a wu-parking function an (r, k)-parking function. With this termi-
nology, an ordinary parking function is a (1, 1)-parking function. We call an (r, 1)-parking
function simply an r-parking function.

NOTE. Our terminology is not universally used. For instance, if (aq,...,a,) is what we
call an (r,r)-parking function, then Bergeron [1] would call (a; —1,...,a, — 1) an r-parking
function.

Pollak’s proof that #PF,, = (n+1)""! extends easily to (r, k)-parking functions. Namely,
we now have rn cars C4,...,C., and rmn + k — 1 spaces 1,2,...,mn + k — 1. We consider
preferences a = (a1,...,a,), 1 < a; < rn+ k — 1, where cars Cy_1)41,...,Cy; all prefer

a;. The cars use the same parking algorithm as before. It is not hard to check that all the
cars can park if and only if « is an (r, k)-parking function. Now arrange rn + k spaces on
a circle, allow the preferences 1 < a; < rn + k, and park as in Pollak’s proof. Then « is
an (r, k)-parking function if and only if the space rn + k is empty. Reasoning as in Pollak’s
proof gives the following result, which in an equivalent form is due to Steck [7].

Theorem 1.2. Let PFSLT"C) denote the set of (1, k)-parking functions of length n. Then
#PF"M = E(rn + k)"

The results in Proposition 1.1 can be extended to (r, k)-parking functions (Theorem 2.1).
Most of them appear in Bergeron [1, Prop. 1] for the case k = r. (Bergeron and his collab-
orators have gone on to generalize their results in a series of papers on rectangular parking
functions.) One of our key results (Theorem 3.1) connects r-parking functions to (r,k)-
parking functions as follows.

Let PF"® denote the set of all (r, k)-parking functions of length n, and let F"™ denote
the Frobenius characteristic ch PF(") of the action of &, on PF""*) by permuting coordinates.
Define

P(r,k)(t) _ ZFér,k)tn

n>0
PO = POV,
Then (Theorem 3.1)
(1.6) PO = Prh(t),

Equation (1.6) suggests looking at P (¢)* for negative integers k. We obtain parking func-

tion interpretations of the coefficients of such power series in Section 4. As some motivation
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for what to expect, consider two power series A(t), B(t), with B(0) = 0, that are related by

At) = %B(t) — 1 B+ Bt +
Thus
(1.7) B(t)=1- ﬁ

and often B(t) will be a generating function for certain “prime” objects, while A(t) will be a

generating function for all objects, i.e., products of primes. See for instance [5, Prop. 4.7.11].

We will see examples of this relationship with our generating functions for parking functions.
For instance, if we set

(1.8) PrREl =1 — Z Gg,k)tn’

n>1

then G4"" is the Frobenius characteristic of the action of &, on prime parking functions of
length n, i.e., parking functions that remain parking functions when some term equal to 1 is
deleted (a concept due to Gessel [6, Exer. 5.49(f)]). An increasing parking function bybs - - - b,,
can be uniquely factored f; - - - B, such that (1) if b; is the first term of f5; then b; = j, and
(2) if we subtract from each term of f3; one less than its first element (so it now begins with
a 1), then we obtain a prime parking function.

As a direct generalization of the previous example, GV is the Frobenius characteristic
of the action of G,, on sequences aas - - - a, such that some a; = 1, and if remove this term
then we obtain an (r,r)-parking function. More generally, if 1 < k& < r then G s the
Frobenius characteristic of the action of &,, on sequences ajas - - - a,, such that we can remove
some term less than k+ 1 and obtain an (r,r) parking function (Theorem 4.3). For instance,
when r = 2 and n = 3 the increasing sequences with this property are 111, 112, 113, 114,
122, 123, 124, 222, 223, 224. Hence G5? = 2h3 + 6hshy + 2hs. The situation for P#) ()=
when j > r is more complicated (Theorem 4.1).

2. EXPANSIONS OF F\""

In this section we consider the expansion of EF"" into the six classical bases for symmetric
functions. These expresssions are defined even when k is an indeterminate, so we can use any
of them to define F\"" in this situation. For later combinatorial applications we will only
consider the case when k is an integer. We use notation from [6, Ch. 7] regarding symmetric
functions. We also use multinomial coefficient notation such as

k L k(k=1) (k= di+ 1)
dy,... . dpk—Sd;) - dy] ’

where dy,...,d, are nonnegative integers and k may be an indeterminate. As usual we
abbreviate ( J kk_ d) as (fl)




Theorem 2.1. Recall that d;(\) denotes the number of parts of A equal to i. Then F()(T’k) =1,
and for n > 1 we have

k rm+k
(r,k) —
(2.1) F m+k§ (dlm,...,dn(A),rn+k:—w))hA
k rm+k+ 0N —1
2.2 = I
(2.2) rn+k§€A<d1(>\),-~-,dn(>\)am+k_l)eA
o rn+k§;[1:[< Ai ) "
o ]{? rn+k
o rn+k§&\(1 )
(2.3) = k Z 2 (rn + k) N7y
AFn
k rm+k
(r,k) —
wk) rn+k§;[1:[< \; ) my,
Moreover,
k
(rk) _ n rn+k
(2.4) F} @™

Proof. Define two elements « and  of [rn + k]™ to be equivalent if their difference is a
multiple of (1,1,...,1) mod rn + k. This defines an equivalence relation on [rn + k]*, and
each equivalence class contains rn + k elements. It follows from the proof of Theorem 1.2
that each equivalence class contains exactly k (r, k)-parking functions. Moreover, all the
elements « in each equivalence class have the same multiset of part multiplicities, i.e., the
multiset {dy, ..., dn1x}, where d; is the number of i’s in a.

For n > 1 let DY denote the Frobenius characteristic of the action of &, on [rn + k|™
by permuting coordinates. It follows that

F(r,k) — k D(T’k).
rm+k "

Hence if we set ¢ =1,k = n, and n = rn + k in Exercise 7.75(a) of [6] then we get
Dg,k) _ Z SA(lrn—l—k)SA.

AFn

(Exercise 7.75 deals with &, acting on submultisets M of {1",...,k"}. Replace M with the
vector (dy,...,dy}, where d; is the multiplicity of 7 in M, to get our formulation.) Therefore

k
Fy,k) _ Z 8A(1Tn+k)8)\.
rn+k =~

The remainder of the proof is routine symmetric function manipulation. U
A further important property of E" in the case k = r, an immediate consequence of

equation (2.4) and the Lagrange inversion formula [6, Thm. 5.4.2], is the following.
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Let E(t) be given by equation (1.4). Then
(2.5) S Bt = (tB(—t)") Y

n>0

3. A RELATION BETWEEN 7-PARKING FUNCTIONS AND (7, k)-PARKING FUNCTIONS

In this section we give a combinatorial proof of the following result.
Theorem 3.1. Let k,r € P. Then P (t)F = PR (¢).

Proof. We need to give a bijection 1: (PF")* — PFM guch that if (aq, ..., ax) = S,
then f(ay) + -+ + £(ay,) = €(B). Note that we consider the empty sequence () to be an
(r, j)-parking function for any r and j.
Given (o, ..., a) € (PE"Y)E define o) to be the sequence obtained by adding r(¢(ay) +
o4 l(a-1)) —I— 1 — 1 to every term of ;. For instance, if r = 2 and

(Oél, .. .,Oé5) = ((1, 2),@,@, (1), (1,3,4)),

then o) = (1,2), ob, = a4 =0, o, = (8), and of = (11, 13, 14).

It is easily seen that v is the desired bijection. In particular, the inverse ¢! has the
following description. Given 8 = (by,...,b,) € PF"} let ¢; = b; — i +r — 1. (The term
r — 1 could be replaced by any constant independent from 4; we made the choice so ¢; = 0.)
Let ¢j, < --- < ¢j, be the left-to-right maxima of the sequence ci, ..., ¢y, so j; = 1. Factor
B (regarded as a word by - - -b,) as fy - - - B, where j; begins with b;,. Subtract a constant ¢;
from each term of §; so that we obtain a sequence (or word) /3! beginning with a 1. Insert
Cjiy — Cj, — 1 empty words () between ] and f, ,, and place empty words at the end so that
there are k words in all. These words ay, ..., ay then satisfy ¥ =1(8) = (ay, ..., az). O

Example 3.2. Suppose that r =2,k =7, and
8 =1(1,2,2,10,12,14,15,19, 22).

Then (cq,...,c9) = (0,—1,-3,3,3,3,3,4,5). The left-to-right maxima are ¢; = 0, ¢4 = 3,
cs =4, cg = 5. Thus 8 = (1,2,2), B2 = (10,12,14,15), B3 = (19), and S, = (22). Hence
pr=1(1,2,2), 5 =(1,3,5,6), B85 = B, = (1). Between /3] and /3} insert ¢4, —c¢; —1 = 2 copies
of (). Similarly since cg — ¢4 — 1 = ¢g — cg — 1 = 0 we insert no further copies of () between
remaining (3!’s. We now have the six words /31,0, 0, 85, 85, 8}, Since k = 7 we insert one () at
the end, finally obtaining

vH(8) = ((1,2,2),0,0,(1,3,5,6),(1),(1),0).

Theorem 3.1 has a natural g-analogue. We simply state the relevant result since the
bijection in the proof of Theorem 3.1 is compatible with our g-analogue, so the proof carries
over. More specifically, using the notation of equation (3.1) below it is easy to check that if
B e PF"H and v=1(8) = (ay, ..., ay), then

k

STR(B) = 3 ("D (ay) + (k = )e(ay)).

=1
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Given an (r, k)-parking function a = (ay, .. ., a,) of length n, note that the largest possible
value of Y a; is k+ (k+7)+ -+ (k+ (n — 1)r) = kn+ (})r. Define

(3.1) §“%a):km4—<gy“—§;ar

When k£ = r this is a well-known statistic on parking functions, sometimes used in the
variant form ) a;. See for instance [4][8, §§1.2.2,1.3.3]. Note that the action of &, on
(r, k)-parking functions « of length n is compatible with this statistic, i.e., if w € &,, then
sTR) (w - a) = w - 570 ().

Given a sequence 3 = (by,...,b,) € P", let Ug denote the Frobenius characteristic of the
action by permuting coordinates of &,, on all permutations of the terms of 3. Hence if m; is
the number of i’s in 8 then Ug = hpy by, - - Given 1, k,n > 1, define

r g(r:k)
FirP(q) =Y ¢ DU,
B

where 8 runs over all increasing (r, k)-parking functions of length n. Write

PR (g t) = Y FP (g

n>0
PO(g,t) = P"Y(g.1).
Thus PTR)(1,1) = PR (¢).

Theorem 3.3. We have
k-1
PR (g, t) = [[ PV (4. ¢'t).

=0

Equation (1.7) gives a relationship between a generating function A(t) for all objects
and B(t) for prime objects. There is another basic relationship of this nature between
exponential generating funcions A(t) for all objects and B(t) for “connected” objects, namely,
the exponential formula A(t) = exp B(t) or B(t) = log A(t). See [6, §5.1]. Thus we can ask
whether there is a combinatorial interpretation of the coefficients of log P"*)(¢). Recall that

DU denotes the Frobenius characteristic of the action of &, on [rn + Ek|™ by permuting
coordinates, as in the proof of Theorem 2.1. The case k = r is handled by the following
result.

Proposition 3.4. We have
tn
log P"7)(t) =Y Di—.

n
n>1

Proof. The proof is a simple consequence of the following variant of the Lagrange inversion
formula appearing in [6, Exer. 5.56]: for any power series F(t) = ajt + agt® + - -+ € C[[t]]
with a; # 0 we have

(-1) n
(3.2) mmmFt@:wm%ﬂ.
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Choose F'(t) = tE(—t)", where E(t) is given by equation (1.4). Now

1
e H(t) =) hot".

n>0

Hence by equation (2.5), we see that equation (3.2) becomes
n[t"]log PC7(t) = [t"]H ()"
It is clear that [¢"]H(t)"" = D", so the proof follows. O

4. A DUAL TO (r, k)-PARKING FUNCTIONS

Equation (1.6) suggests looking at P (t)* for negative integers k. We obtain an object
“dual” (in the sense of combinatorial reciprocity) to (r, k)-parking functions.

We define F\"" for k < 0 by (2.1) (therefore all the equations in Theorem 2.1 hold for
k < 0). It follows from the definition of P"*)(¢) and equation (1.6) that

P(T) (t)k — rP(r,k) (t) — Z Fér,k)tn
n>0
holds for all £ > 0. Thus it also holds for all £ < 0. Comparing the coefficients of t" with
those in equation (1.8), namely,
PO =1-) GUPe, forall k>0,
n>1

and combining with (2.1), we see that

k rn —k
4.1 GIM = _Frh = —— hy, forallk >0, n>1.
(4.1) n n rn—k; (), .. d (V) A= =

We then have the following combinatorial interpretation of G,

Theorem 4.1. If rn—k > 0, then G"R) s the Frobenius characteristic of the action of &,
on the set S of n-tuples whose increasing rearrangements have the following form:

(42) (w, o, W, bq(w)_H, bq(w)+2, ey bn),
q(w) w’s
where w € [k] and q(w) is the smallest integer such that w < q(w)r, and
(4.3) by <min{(j — 1)r,w —14+rn—£k} for j=qw)+1qw)+2,...,n

Note that w < min{(j —1)r,w—1+rn—*k} for all j > q(w)+1; therefore (4.3) is equivalent
to

(4.4) bj <min{(j — 1)r,w —1+4+rn—k} whenever b; > w.

In other words, a weakly increasing integer sequence b is in S if and only it satisfies the
following properties.
I. by = w for some w € [k], and b, — by < rn —k.
1I1. bq(w) = w.
III. b; < (5 — 1)r for all j € [n] whenever b; > w.
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Example 4.2. Let » = 1, k = 2, and n = 5. The coefficient of ¢> in —PM ()72 is
2hsh? + 2h2hy + 4hshg + 4hyhy + 2hs.

This symmetric function is the Frobenius characteristic of the action of G5 on all sequences
(ay,...,a5) € P> whose increasing rearrangement b; > --- > by satisfies either of the condi-
tions (1) blzl, ngl(SOiIlfaCtbgzl), b3§2, b4§3, b5§3,01‘ (2) blszZQ, bg§2
(so in fact by = 2), by < 3, by < 4. We get the fourteen increasing sequences (orbit rep-
resentatives) 11111, 11112, 11113, 11122, 11123, 11133, 11222, 11233, 11223, 22222, 22223,
22224, 22233, 22234.

A special case. When k € {1,...,r}, for all w € [k] we have g(w) = 1 and (n — 1)r <
rn—k <w—1+rn—k. Therefore (4.4) becomes b; < (j —1)r for all j > 1, so b having the
form (4.2) is equivalent to by € [k] and (by, bs, ..., b,) is a weakly increasing (r,r)-parking
functions of length n — 1. Thus Theorem 4.1 becomes the following result.

Theorem 4.3. If k € {1,...,r}, then G is the Frobemius characteristic of the action of
S, on the distinct n-tuples we get by adjoining 1,2,..., or k to (r,r)-parking functions of
length n—1; or equivalently, the n-tuples whose increasing rearrangements start with 1,2, ...,
or k and followed by weakly increasing (r,r)-parking functions of length n — 1.

Theorem 4.1 is a consequence of the following result, which will be proved right below
Proposition 4.6.

Proposition 4.4. Suppose that rn — k > 0. Given a = (a,...,a,) € [rn — k|", let p €
[rn — k| be the smallest positive integer i such that the increasing rearrangements of a and
(a+p) mod rn —k coincide, where a+1 := (a1 +1,...,a, +1) and a; +i mod rn — k is the
a; + 1 taken modulo rn — k so that a; +1i € [rn — k|; equivalently, p = #R,, where R, is the
set of increasing rearrangements of vectors a + i mod rn — k (1 € Z).

Then the number of increasing vectors b € S such that the increasing rearrangement of

(b mod rn — k) is in R, is 2=

Theorem 4.1 follows as each b € S corresponds to a unique set R, (the vector a may not
be unique).

Remark 4.5. The reason why we need the vector b mod rn — k is that we may have b €
S\[rn — k]" and b mod rn — k € S. For instance, when r =2, n =4 k=3, rn—k =15, we
have (6,2,2,4) € S\[rn — k]™ and (1,2,2,4) € S.

A special case. When k € {1,...,r}, it follows from (4.3) that b, < (n — 1)r < rn — k for
all b € S; therefore b mod rn — k = b. In other words, we only need to consider b instead of
b mod rn — k. Thus, combined with Theorem 4.1, Proposition 4.4 becomes as follows.

Proposition 4.6. If k € {1,...,r}, then for any given (ay,...,a,) € [rn — k|, there are
exactly k i’s (mod rn — k) such that the vector (ay +1,...,a, + i) mod rn — k is an (r,r)-
parking function of length n — 1 adjoined by 1,2,..., or k, where a; +¢ mod rn — k is the
a; + i taken modulo rn — k so that a; +1i € [rn — kJ.

Proof of Proposition 4.4. The case k = 0 is trivial. Assume that & > 1. It suffices to
prove the proposition for a weakly increasing sequence a = (aq,...,a,) with a; = 1. For
convenience, let N := rn — k > 0 and denote the increasing rearrangement of a sequence x
by Tt
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We have two cases: p < N and p= N.
Case 1. p < N.
Then a has the form:
(4.5) (u,l—l—p,...,1+]3,1—|—2p,...,1+2]3,...,1—|—(€—1)p,...,1—|—(€—1)]3),

'

d s d (14p)’s d (142p)’s d (1+(¢—1)p)’s

where d, ¢ € P with ¢ > 1 such that ¢d =n and ¢p = N. Thus k =rn — N = (rd — p)L.
The following fact can be verified immediately from the definition of S and R,.

Lemma 4.7. Ifb € S, thenb+i € S foralli € {0,—1,...,—b;+1}. Further, if (b mod N); €
R, then (b+i mod N); € R,.

In particular, when i = —by + 1, the smallest coordinate of b+ i is 1. According to (4.4),
we have b+ 1 € [N]", and therefore b+ ¢ mod N = b+i. If (b mod N); € R,, then
(b‘l"l)T = (b+l mod N)T € Ra.

We also need the following lemma.
Lemma 4.8. We have a+i € S if and only ifi € {0,1,...,rd —p — 1}.

On the strength of Lemmas 4.7 and 4.8 and the fact that R, = {a +i:0<1<p— 1},
the number of vectors b € S such that (b mod rn —k)y € R, isrd —p = %, as desired.
Proof of Lemma 4.8. If a+1i € S with the form (4.2), then applying (4.3) to a+ ¢ and d+ 1

yields 1 + p + ¢ < rd, and therefore : < rd —p — 1.
On the other hand, for any ¢ € {0,1,...,7rd—p—1}, we have a+i € S. In fact, the vector

a+z’:(w,...,w,w+p,...,w+]2,zu—|—2p,...,w+2]3,...,w+(6—1)p,...,w+(€—1)]3),

d w’s d (w+p)’s d (w+2p)’s d (w+(€—1)p)’s

where w =1+i <rd—p < (rd —p)¢ = k. Property I then follows from (a+1), — (a+1);

(¢ —1)p < €p = N. Property II holds since ¢(-) is weakly increasing and ¢(w) < ¢(rd) = d.
Finally, Property III is satisfied because (a+41);441 = - -+ = (a+1)(j+1)¢ = w+Jp < jw+p) <
jrd—p+p) = (jd)r for all j € [¢ —1]. O
Case 2. p= N.

Namely, the vectors (a+i mod N);, ¢ € [N] are distinct. We will determine explicitly the

% = k vectors in S desired in Proposition 4.4.
For convenience, we denote z; = aj+1 (< N), j =0,...,n — 1, and consider the weakly
increasing sequence x = (o, ..., Z,—1) with 2o = 1. Then z € S if and only if z; < rj for

all j € [n — 1]. In general, a weakly increasing integer sequence y is in S if and only if
I'. yo = w for some w € [k], and y,_1 — yo < N.

IT. yq(w)—l = w.

IIT'. y; < jr for all j € [n — 1] whenever y; > w.
In the rest of the proof, all variables are integers, and for a vector y, we denote by y; its
(7 + 1)-th coordinate.

Let A;:=rj—x;,7=0,1,...,n—1. Then Ay = —1, and z € S if and only if A; > 0 for
all j € [n —1].
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Lemma 4.9. There exists i € Z such that the vector (x +i mod N) € S, with the smallest
coordinate equal to 1. More precisely, if x € S, then we can take 1 = 0; otherwise, take
i =1—xj, where j is the largest number in [n — 1] such that A; = minjicy,—1) Ay

Proof. Assume that x ¢ S, then A; < —1 and j € [n — 1] for the j taken in the lemma.
Taking ¢ = 1 — z;, we get

x + 1 mod N
=2-2;+ N,z —x;+1+ N,z —x;+ 1+ N, Lz —x;+ 1, 001 — x5+ 1),
and thus

a = (x +imod N);

:(1,xj+1—xj+1,...,a:n_1 —atj—l—l,g—xj—l—]\f,a:l —atj+1+]\£,...,§'j_1—atj—|—1+]\£).
N ~\ N ~\ N
aq QAn—1—j Qp—j Qn—j+1 Qn—1

It follows from the definition of j that ; > rj+1, and for j' > j we have A;; > A; 41, and
therefore x;; —x; < r(j'—j)—1; for j* < j we have A; > A;, and therefore x; —x; < r(j'—j).
Thus
Qy=Tjpu—2j+1<r(j+u—j)—14+1=ru, uen—1-7jl,
Qj=2—z;+m—k<2—rj—1+m—1=r(n—j),
pjry =Ty +1—z;+rn—k<r(u—j+n), welj—1].

Hence a € S. O

On the strength of Lemma 4.9, we can assume that © € S with g = 1. The following
result determines the k vectors in S desired in Proposition 4.4.

Lemma 4.10. Let 0 = jp < j1 < jo < --- be the elements of the subset
Jo={jeJ: Ny >A; foralln—1>j >} CJ:={0}u{jen—1]:2; >z}
and m be the nonnegative integer determined by
—1=A <A < <Aj <k=2<A; <

(if jmy1 does not exist, then set jni1 and A;, | to be infinity). In particular, ji is the largest
number in [n — 1] such that A; = minjep,—1 A; > 0.

Then y is a weakly increasing sequence in S such that (y mod N)y € R, if and only if
(1) y=a+1i with0 <i < Aj A(k—1), where A\ represents the minimum function; or
(2) y = (z 4 ¢, mod N)t + iy with
(i) iy =1 —xj, for some v € [m], and
(i) 0<io=yo—1<A;, Ak—-1)—A; —1<k—-1

Further, the k vectors given in (1) and (2) are distinct.
Remark 4.11. Note that (1) is the special case of (2) with iy = 0 = v and iy = 1.

Proof. As a consequence of p = N, the vectors (z + ¢, mod N )y with 4; given in (1) (i; = i)
and (2), whose smallest coordinates are all 1, are distinct. Thus the k& vectors given in (1)

and (2) are distinct.
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(1) If y = x4 € S, then by definition we have 1 < (x+1)y < k and (z+1);, < rj;. Thus
0<i<AjA(k-1).

Conversely, for any y = x 4+ 4 with 0 < i < A; A (k — 1), we have (y mod N); € R,,
Yno1 — Yo =Tp—1 — 2o < N,and 1 <w :=yo = (x+1i)o < (1+ Aj,) Ak <k, and Property
I’ follows.

For Property II', notice that for any j € [n—1] such that x; > 2, since rj—x; = A; > A,
we have j > (24 A;,)/r > w/r, and therefore j > q(w). Hence yyuy-1 = w.

Finally for Property III', for all j € [n — 1], since A;, < A;, we get x; — z;, < 7(j — j1),
and therefore y; = (v +1i); = x; +1 <r(j —j1) + A, =rj.

(2) If y is a weakly increasing sequence in S such that (y mod N)+ € R, but y does not
have the form described in (1), then by Lemma 4.7 we get o := y —is € S, ap = 1 and
a € R,, where 15 =yo— 1> 0.

Since a # x, we have a = (z + i3 mod N);4 for some 7y, € {—1,-2,...,1 — N}. Recall
that oy = 1, and thus 4; = 1 — ;; for some j € [n —1]. If there is more than one j such that
11 = 1 — x;, we choose the smallest one, i.e., the j € J. Then

r +1; mod N
:(Q—xj+N,a71—atj—|—1+N,...,xj_1—:L'j+1—|—N,1,xj+1—atj—l—l,...,a:n_l—atj—l—l),
and

a = (x +1i; mod N);
=(Lgjm —ay+ L g~y + L2 -2+ Ny —ay + 1+ N,y — 2+ 1+ N ).

'

a1 Qn—1—j Qn—j Qp—j5+1 Qn—1
Recall that o € S if and only if
(4.6) a, <ru, forall uen—1].

Applying tou=1,...,n—1— j leads to
zy—ax;+1<r( —j), te, Ny <Ay, forallj <j<n-—1;
applying to u = n — j leads to
2—z;j+mm—k<r(n-j), ie, A; <k—-2.

Therefore j = j, for some v € [m)].
Conversely, from the above argument we see that if ¢y = 1 — 2; with j = j, for some
v € [m], then we have «a,, < ru for all v € [n — j]. Further, we have

Upjiu =Ty —Tj+ 1+ N <ru+A;—rj+1+m—k<r(n—j+u)
for all uw € [j — 1]. Hence o € S.

It remains to show that a 4 iy € S if only if iy satisfies the inequality in (ii).
If a +iy € .5, then applying (4.6) to o’ := a + iy and u = j,+1 — j, (if exists) leads to

ZL’jv+1 — ZL’jU + 1 —I—Zg S T(jv—i—l _jv)> i.e., ig S Aju+1 — Ajv — 1;
applying (4.6) to o’ :== a + iy and u = n — j, leads to
2—az;, +rn—k+iy <r(n—j,), ie,ig <k—2—Aj.

Recall that is = y9 — 1 > 0, and thus i, satisfies the inequality in (ii).
12



Conversely, if iy satisfies the inequality in (ii), then o/ € S. In fact, we have 1 < w :=

1+iy<kanda, ; —aj=a,1—ay <N, and Property I' then follows.
For Property II', by the definition of j,41, we have A, > A, . for any j, < u € J, and
hence for any j, < v <n — 1 such that =, > x;,. Thus ru —x, > A, . . It follows that

Tu > Ajerl + Ty > Ajerl + x5, = Ajerl + iy — Ajv
and
w—Jy > (Aj,,, —Aj)/r>w/r, le, u> qw)+ jy.
Hence oy, | = Tgw)-1+5, — Tj, + w =w.
Finally for Property I, from the above argument we see that o/, < ru for u = j,41 —
Jv, M — Ju. Further, we have

al =z, — 2, +1+N+is<ru—z;, +1+m—-—k+k—2—-A; <r(n—j,+u)

n—jy+u
for all u € [j, —1]. For j,+1 <u < n—1such that z, > x;, and u € J, we have A, > A; |
by the definition of j,.;, and therefore

&y =y — 2, Fw < (ru— A ) — x4 (A, — Ay) =1(u— gy).

u—Jjo
Hence o/ € S, as desired. a
]

NOTE. We have been unable to find a satisfactory g-analogue of Theorem 4.1, generalizing
Theorem 3.3.

5. THE r-PARKING FUNCTION BASIS

Equation (1.6) and other considerations suggest looking at products of the symmetric
functions F)\") for various values of n. Thus for any partition A\ define

FO = FOFD ...

where Fy = 1.
Recall that A denotes the ring of all symmetric functions that can be written as an integer
linear combination of the monomial symmetric functions my (or equivalently, sy, hy, or ey).

Proposition 5.1. Fiz r > 1. Then the symmetric functions F)ET), where A ranges over all
partitions of all n > 0, form an integral basis for the ring A.

Proof. We need to show that for each n, the set {F A(T) : A n} is an integral basis for the
(additive) group A" of all homogeneous symmetric functions of degree n contained in A. Let
AL A2 .. be any ordering of the partitions of n that is compatible with refinement, that
is, if \' is a refinement of M then i < j. Now F,ST) = h, +--- € A". Hence F)ET) = hy+
terms involving h, where ; refines A\. Hence the transition matrix for expressing the F)ET)7S
in terms of the h,’s is lower triangular with 1’s on the main diagonal. Since the h)’s form
an integral basis, the same is true of the F' A(T)’s. O

Now that for each r > 1 we have this “parking function basis” {F y)}, we can ask about
its expansion in terms of other bases and vice versa. If we restrict ourselves to the six

“standard” bases (where the power sums p, are a basis over Q but not Z), we thus have
13



twelve transition matrices to consider. We can also ask about various scalar products such
as (F\" F{"). Moreover, we could also consider the basis {F{”} dual to {F\"}, ie.,

(F", FOYy = 4y,

However, these dual bases will not yield any new coefficients since the dual basis to a standard
basis is also a standard basis (up to a normalizing factor in the case of p)). We have not
systematically investigated these problems. Some miscellaneous results are below.

We first consider scalar products (Fy’k), FA(T’k)>. We can give an explicit formula when
i = (n). In fact, we can give a more general result where F' y’k)
product.

is replaced with a “mixed”

Theorem 5.2. Let \ = n, and let r,r{, 79, ... be positive integers. Let k,ky, ko, ... be integers
or even indeterminates. Then

Fro T Fk ) = .
< " 71;[ Ai T?’L—i—kg’f})\l—‘—k} )\z

First proof. If X = (A1, Ay, ...) then write [t}] for the operator that takes the coefficient of
152 - ... By equation (2.4) we have

(r,k) riki \ __ 4 A rn+k ridi+k rodo+ke |
<Fn 71:[F/\i > a Tn+kH>\i+ki[t FCHQ™ ™ H () (G2 )

Writing H (u)” = [J(1 — x;u)?, taking logarithms, expanding in terms of the power sums py,
and then exponentiating, we get the well-known result

H(u)bzz Ly ulel

I

where p ranges over all partitions of all integers j > 0. (For the case b = 1, see [6, (7.22)].)
Since (px,pu) = 220x,, We get

F(r,k) F(T“kl) — v
< n ’1:[ Ai rn+/€1:[ riNi + k;
L(v)
Y] < E 2, (rn + k) p,, H ( g 2 (rihi + l{:l> ti-”p,,>

ukn i>1 vEA\;

(5.1) = 7’n+ka)\+k E(; Yorn + o) (r\; + k)1 )

Now in general (equivalent for instance to [5, Prop. 1.3.7]),

-1
S ) = <u +m )
m

vkm

Hence the proof follows immediately from equation (5.1).
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Second proof. From equation (2.4) we see that

T, T’q/,z . k kl
<F( . HF >_ rn+ k (Hr,-)\i+k,->

’ < Z hal e ham+k’ H Z hbi,l T hbiv""i””rki > ’

ai +“'+a7‘n+k:n ) bi,1+“‘+bi,rin+ki :)‘Z

where a;, b@j Z 0. Let

k k;
rn + k i>1 Ti)\i + ]{32

Now (hy, h,) is equal to the number of matrices (a;;); ;>1 of nonnegative integers with row

sum vector A and column sum vector  [6, (7.31)]. Hence + <F,§T’k), IL F/’\“’k> is equal to the

total number of (rn + j) x (D> ,(r; + n + k;)) matrices of nonnegative integers whose entries
sum to n, such that the first 1 A; + k; columns sum to A, the next r9\s + ko columns sum
to A9, ete. Since » \; = n, if the conditions on the columns is satisfied then the entries will
automatically sum to n. By elementary and well-known reasoning, the number of ways to
write \; as an ordered sum of (rn + k)(r;n + k;) nonnegative integers is ((’""Jrk)(rm/(jk"')Jr’\i_l),
and the proof follows. O

We now consider the expansion of the symmetric functions py, hy, and e, in terms of the
basis F\" (for fixed r, which we may even regard as an indeterminate).

Proposition 5.3. Forn > 1 we have

Er=m=b — (_1)"(rn + 1e,
F7§T7_Tn) = —rp,
Er=mmth) — (1 —rn)h,.

Proof. Putting k = —rn — 1 in equation (2.3) gives (=1)"(rn +1)>_,., 25 (=1)" " Np,. Tt
is well-known that this sum is just e,, and the proof of the first equation follows. (We could
also substitute k¥ = —rn — 1 in equation (2.2) and simplify.) The other two equations are

similar. O
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Now by Proposition 5.3 we have (writing d; = d;(\))
(-1)"(rn+1)e, = F"=™=b

n

—rn—1
>0
. J
= e (") (TR
>0 J i>1

frn+ g , ,
— Z (_1)J( . )Fél)...pa(j)

al+--a;=n J

+L(N)
= (T g
;( ) dl,dg,...,’l“n A

where the penultimate sum is over all 2"~! compositions of n. We have therefore expressed
e, as a linear combination of F A(T)’s. In exactly the same way we obtain

+/0(A) -1
—rp, = (1) rn ()
i (=1) di,do,...,rn—1)

AFn

oy — _ ey [ TR =2 (r)
(Tn l)hn Z( 1) (dl,dg,...,rn—2 F)\ ’

AFn

(For = n = 1, the last equation becomes 0 = 0, but it is clear that hy = Fl(r).) Since
{e.}. {pu}, {h,} and {F y)} are multiplicative bases, we have in principle expressed each

€us Py, and hy, as a linear combination of F' y)’s. We leave open, however, whether there is
some more elegant form of these expansions, e.g., a simple combinatorial interpretation of
the coefficients.

Similarly, since Theorem 2.1 in the case k = 1 gives the expansion of E) in terms of the

multiplicative bases p,, h,, and e,, we in principle also have an expansion of FA(T) in terms
of these bases, but perhaps a better description is available. We cannot expect a simple
product formula for the coefficients in general since for instance the coefficient of pspg in the

power sum expansion of rY is equal to 2 -7 - 157/3.

(3,2,1,1,1,1)
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