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1. Monotonic functions

In this section, we review some properties of monotonic functions, which are important to study
distribution and quantile functions.

1.1. Definitions

1.1 Definition MONOTONIC FUNCTION. Let D a non-empty subset of R, f : D — E, where E is
a non-empty subset of R = RU{—oo, +oo}, and let I be a non-empty subset of D.

(a) f is nondecreasing on I iff

X1 <x2:>f(x1) Sf(XQ), VX1,)C2€I.

(b) f isnonincreasing on I iff

X1 < X2 :>f(x1) Zf(XQ), VX1,)C2 el.

(c) f is strictly increasing on I iff

X1 < Xxp :>f(x1) <f(XQ), Vxl,xz el.

(d) f is strictly decreasing on I iff

x1<xp=f(x1)>f(x), Vx,xel.
(e) f is monotonic on I iff f is nondecreasing, nonincreasing, increasing or decreasing.
(f) f is strictly monotonic on I iff f is strictly increasing or decreasing.

1.2 Definition MONOTONICITY AT A POINT. Let D a non-empty subset of R, f : D — E, where
E is a non-empty subset of R = RU{—oo, +oo}, and Iet x € D.

(a) f is nondecreasing at x iff there is an open neighborhood I of x such that
xi<x=f(x)<fx), ¥xielInND,
and x<xy = f(x) < f(x2), VxpelND;
(b) f isnonincreasing at x iff there is an open neighborhood I of x such that
x1<x=f(x1)>f(x), VxyelInD,

and x<xy = f(x) > f(x2), Vxe€lIND;



(c) f is strictly increasing at x iff there is an open neighborhood I of x such that
xi<x=f(x)<f(x), Vxy€lInND,
and x<x = f(x) < f(x2), VxpelIND;
(d) f is strictly decreasing on I iff there is an open neighborhood I of x such that
xp<x=f(x1)>f(x), VxyelInD,
and x <x; = f(x) > f(x2), VxmelINnD.
(e) f is monotonic at x iff f is nondecreasing, nonincreasing, increasing or decreasing at x.
(f) f is strictly monotonic at x iff f is strictly increasing or decreasing at x.

1.3 Remark It is clear that:

(a) an increasing function is also nondecreasing;

(b) a decreasing function is also nonincreasing;

(c) if f is nondecreasing (alt., strictly increasing), the function
g(x)=—f(x)

is nonincreasing (alt., strictly decreasing) on /, and the function

is nondecreasing on I} = {x: —x € I'}..

1.2. Continuity properties of monotonic functions

1.4 Proposition LIMITS OF MONOTONIC FUNCTIONS. Letl = (a,b) C R, where —oo <a < b <
oo, and f : I — R be a nondecreasing function on I. Then the function f has the following properties.

(a) Foreachx € (a,b), set

510 | x<y<x+9d

flr) = hm{ inf f<y>},f(x+):um{ sup f(y)},

510 |x—d<y<x

flxo) = lim{ inf f(y)},f(x):%{ sup f(y)}-



Then, the four limits f (x;), f(x*), f(x_) and f (x™) are finite and, for any § > 0 such that
[x_57 x+5] < (Cl, b)a

f=8) < flx) < f(x7) SfW) S flxs) <f () < flx+9).
(b) Foreachx € (a,b), we have

fa)=fE") fa)=f(),

and the function f (x) has finite unilateral limits:

f(%+)55133f(y)::f(X+)=:f(x+) , fla=)=lmf(y) =flx)=f(x").

yix
(c) Foreachx € (a,b),

sup f(y) = f(x=) < f(x) <flx+) = inf f(y).

a<y<x x<y<b

(d) Ifa <x<y<b, then
FOH) < fO-)-

(e) If a = —oo, the function f (x) has a limit in the extended real numbers R = RU {—oco, +o0} as
X — —oo,

—0 < f(—o0) = lim f(x) <o

X— —o0

and, if b = o, the function f (x) has a limit in R as x — o :

o0 < (o) = limf (x) < oo.

1.5 Theorem CONTINUITY OF MONOTONIC FUNCTIONS. LetI = (a,b) C R, where —e0 < a <
b < oo, and f : I — R be a nondecreasing function on I. Then the function f has the following
properties.

(a) Foreachx € (a,b), f is continuous at x iff
fl=)=fx4).

(b) The only possible kind of discontinuity of f on (a, b) is a jump.
(c) The set of points of (a, b) at which f is discontinuous is countable (possibly empty).

(d) The function
fR(x):f(x+)> xE(d,b)



is right continuous at every point of (a, b), i.e.,

lim fi ) =/fr(x), Vxe(a,b).

(e) The function

fo() =1 (x=)

is left continuous at every point of (a, b) , i.e.,

limfi.(v) = fo(x), Vx€(ab).

1.6 Theorem CHARACTERIZATION OF THE CONTINUITY OF MONOTONIC FUNCTIONS. Let
f D — R a monotonic function, where D is a non-empty subset of R and I a non-empty subset of
D. Then

f is continuous on I iff f(I) is an interval.

1.7 Definition HOMEOMORPHISM. LetI andJ be two subsets of R, and f : I — J. We say that f
is an homeomorphism iff f : I — J is a bijection such that f and f~! are continuous.

1.8 Theorem MONOTONE INVERSE FUNCTION THEOREM. Let/ be an interval inR, and f: 1 —
R. If f is continuous and strictly monotonic, then J = f(I) is an interval and the function f : [ — J
is an homeomorphism.

1.9 Theorem STRICT MONOTONICITY AND HOMEOMORPHISMS BETWEEN INTERVALS. Let/
and J be intervalsinR and f : [ — J.

(a) If f is an homeomorphism, then f is strictly monotonic.

(b) f is an homeomorphism <> f is continuous and strictly monotonic
& f~':J — I exists and is an homeomorphism
& f~1:J — I exists, and f~! is a continuous strictly monotonic.

1.10 Lemma CHARACTERIZATION OF RIGHT (LEFT) CONTINUOUS FUNCTIONS BY DENSE
SETS. Let fi and f, be two real-valued functions defined on the interval (a,b) such that the
functions f and f, are either both right continuous or both left continuous at each point x € (a, b),
and let D be a dense subset of (a, b) . If

filx)=fa(x), VxeD,

then

fikx)=fr(x), Vx€(a,b).



1.11 Theorem CHARACTERIZATION OF MONOTONIC FUNCTIONS BY DENSE SETS. Let f; and

f2 be two monotonic nondecreasing functions on (a, b), let D be a dense subset of (a,b), and
suppose

filkx)=fo(x), VxeD.

(a) Then f and f, have the same points of discontinuity, they coincide everywhere in (a, b) , except
possibly at points of discontinuity, and

i) = filx=) = Lo (xt) = fax=), Vx€(a,b).

(b) If furthermore f and f, are both left continuous (or right continuous) at every point x € (a, b),
they coincide everywhere on (a, b) , i.e.,

filkx)=fa(x), Vxe(a,b).

1.3. Total variation

1.12 Lemma For any x € R,

max{(x, 0} = 5 (x| +0) = 1(x> 0)x = (x> 0) x|, (L1)

max{—x, 0} = 2(Ix| ~) = ~I(x<O)x = 1(x<0) ||, (12)

minx, 0} = ~max{—x, 0} = 3 (x—|x]) = /(x < 0)x = ~I(x < 0) x| (13)
min{—x, 0} = — max{x, 0} = —%(]x\ bx) = I > 0)x=—I(x<O0)|x|. (14

1.13 Lemma For any x1, x; € R,

min{x;, 0} + min{x;,0} < min{x; +x2,0}
< max{x; +x2,0} < max{xj, 0} +max{xp, 0}, (1.5)
min{x;, 0} —max{xz, 0} < min{x; —xz, 0} (1.6)
< max{x; —x, 0} < max{x;, 0} —min{x, 0}. (1.7)

1.14 Lemma For any x1, x; € R,

max{x; —x2, 0} <x; <max{x;, x>} ifx; >0andx; >0
. . (1.8)

max{x; —xz, 0} > x; > min{x, x;} otherwise,

min{x; —xp,0} > x; > min{x;, x,} ifx; <0andx; <0

. . 1.
min{x; —x;, 0} <x; < max{xj,x,} otherwise. (1.9)



Since
min{x; —xz, 0} < max{x; —xz, 0}, (1.10)

we can write:

x1 <min{x; —x2, 0} < max{x; —x, 0} ifx; <0Oandx; <0,
min{x1 — X2, 0} < X1 < max{x1 — X2, O} ifx1 < 0 and X2 > 0,

min{x; —x, 0} <x; < max{x; —xz,0} ifx; >0andx; <0, (.10
min{xl—xz,O} Smax{xl—x2,0} le ifx1 20andx2 ZO.
1.15 Definition Let f : [a, b] — R. The total variation of f over [a, b, denoted by V?(f), is
n
Ve (f) = sup Y |f(xe) = f ()] (1.12)
Pla,b] k=1
where & [a, D] is the set of all partitions of [a, b| with n > 1 points of subdivision xg, X1, ..., X, such
thatn > 1 and
a=xp<x1<--<x,=b. (1.13)
1.16 Definition Let f : [a, b] — R. The positive variation of f over [a, D] is
n
PI(f):= sup Y [f(x)— f(ue-)]” (1.14)
Pla,b] k=1
and the negative variation of f over [a, D) is
n
NJf = sup Y [floa) = flw-1)]” (1.15)

Pla,b] k=1
where x* :=I(x > 0) |x| and x™ :=I(x <0) |x].

1.17 Definition Let f : I — R and [a, b] C 1. We say that f is of bounded variation on [a, b] iff
VI(f) <o,

1.18 Proposition Let f: [a, b] — R, and o € R. Then

Ve (@) = Py(e) = Ny(e) =0, (1.16)
Vi(f+a)=Vi(f), BI(f+a)=F(f), Ng(f+a)=N(f), (1.17)
V2(f) =0 < f is constant over [a, b]. (1.18)

1.19 Proposition BOUNDED VARIATION OF MONOTONIC FUNCTIONS. Let f:[a,b] = R, a € R.
If f is nondecreasing on |a, b], then

VI(f) =PL(f) = f(b)— fla), (1.19)



NPf=o0, (1.20)
V2 (af)=aV.(f), fora>0, (1.21)

and f is of bounded variation on |a, b]. If f is nonincreasing on |a, b], then

VE(f)=Nif = fla)— f(b), (1.22)
PY(f) =0, (1.23)
VP(af) = aVPl(f), fora >0, (1.24)

and f is of bounded variation on |a, b).

1.20 Proposition Let f : [a,b] — R, and g : [a,b] — R. If f and g are both nondecreasing or
nonincreasing on [a, b, then
Vi (f+8) =Va () +Vi(9), (1.25)

VP(f+g)=VP(f) < gis constant over [a, b]. (1.26)

1.21 Proposition CANONICAL DECOMPOSITION OF TOTAL VARIATION. Let f: [a,b] — R . If
f is of bounded variation on [a, b], then

V2(f)=P(f)+NLf (1.27)

and

f(b) = fla) = P(f) = N2(f). (1.28)

1.22 Theorem Let f : [a,b] — R and ¢ € [a, b]. Ifa < b < c, then
V) =Vif+VES. (1.29)

1.23 Theorem Let f : [a,b] — R, g : [a,b] — R, and o € R. Then
V2(af) = el Vo (f), (1.30)

and
VI(f+8) SV +V2(g), (1.31)

where we set |a|VE(f) =0 if a = 0 and V) (f) = +oo .

1.24 Definition Let f : [a, b] — R be a function of bounded variation on [a, b]. Then the function
Vi(x) :=Vif, x € [a, b], (1.32)

is called the total variation function of f,

Ps(x):=P,f,x€a,b], (1.33)



is called the positive variation function of f, and
Ny(x) :==N,f, x € [a, b], (1.34)
is called the negative variation function of f.

1.25 Theorem MONOTONICITY OF VARIATION FUNCTIONS. Let f : [a, b] — R be a function of
bounded variation on |a, b).

(a) Ifx;,xy € [a,b] and x; < x,, then

|f(x2) = fa)] S V() (1.35)
max{f(x2) — f(x1), 0} <P2(f), (1.36)
max{f(x1) — f(x2), 0} < N2(f). (1.37)

(b) The functions Vy(x), Py(x) and Ny(x) are nondecreasing on [a, D).

1.26 Theorem Let f : [a, b] — R be a function of bounded variation on |a, b]. If f(x) is continuous
from the left at xo, then Vy(x) is continuous from the left at xo.

1.27 Proposition LIMITS OF VARIATION FUNCTIONS. Let f : [a, b] — R be a function of bounded
variation on [a, b]. Then,

Py(x+) = Pr(x) = %{If(er) — SO+ [fct) = f(0)]} = max{f(x+) — f(x),0},  (1.38)

Ny (x+) = Nr(x) = %{If(er) — S = [f(x4) = fO)I} = max{f(x) — f(x+),0},  (1.39)
Vilet) = Vi) = [£(xct) = F ()1 (1.40)
1

Pr(x) = Prlx—) = SA1f(0) = fOe)l+ [ () = fla—)]} = max{f(x) = f(x=), 0}, (1.41)

Ni(x) = Nf(x—) = %{If(X) — S = f () = f=)]} = max{f(x—) = f(x), 0}, (1.42)
Vi(x) =Vilx—) = [£(x) = f(x=)] - (1.43)
1.28 Theorem Let f : [a, b] — R be a function of bounded variation on |a, b] and x¢ € [a, b].
(a) If f(x) is right-continuous at xo, then P¢(x), N¢(x) and V¢(x) are right-continuous at xo.
(b) If f(x) is left-continuous at xo, then P¢(x), N¢(x) and V(x) are left-continuous at x.

(¢) f(x)is continuous atxo < Vy(x) is continuous at x
& Py(x) and Ny (x) are continuous at x .



1.29 Theorem Let f : [a, b] — R be a function of bounded variation on [a, b]. Then, for any x €
[a, b],
Vi(x) = Pr(x) +N¢(x), (1.44)

and

fx) = fla) = Pr(x) = Ny(x). (1.45)

1.30 Theorem MONOTONE REPRESENTATION OF FUNCTIONS OF BOUNDED VARIATION. Let
f :]a, b] — R be a function of bounded variation on [a, b]. Then f can be represented as the differ-
ence between two nondecreasing functions on [a, b]. In particular, we have:

fx) = [f(a)+Pr(x)] = N¢(x)
= [fla) +Vi(0)] = Us(x) (1.46)

where Uy (x) := 2Ny(x), and the functions f(a)+ Pr(x), f(a) + Vi(x), N¢(x) and Uy(x) are all
nondecreasing on |a, b).

1.31 Corollary MONOTONE CHARACTERIZATION OF FUNCTIONS OF BOUNDED VARIATION.
Let f : [a, b] — R. Then f is of bounded variation on [a, b] if and only if it is the difference between
two nondecreasing functions on [a, b).

1.32 Remark The decomposition of a function of bounded variation as the difference of two non-
decreasing functions is not unique. For example, if

fx) = filx) = fo(x) (1.47)
where f;(x) and f»(x) are nondecreasing, then for any nondecreasing function g(x),
fx) = [Ai(x) +g(x)] = [f2(x) +8(x)] (1.48)
where f; (x) + g(x) and f»(x) + g(x) are nondecreasing.

1.33 Theorem MINIMAL PROPERTY OF POSITIVE-NEGATIVE DECOMPOSITION OF FUNCTIONS
OF BOUNDED VARIATION. Let f : [a,b] — R be a function of bounded variation on [a, b]. If
g :]a,bl = Rand g™ :[a, b] — R are nondecreasing functions on |a, b] such that

f(x)=fla)+g"(x) —g (x) Vx€a,b], (1.49)
then
Pr(x) <g"(x)—g"(a) Vxe€la,b], (1.50)
N <g (x)—g (a) Vrela,b. (1.51)
If we note that
Pr(a) = Ny(a) = Vy(a) =0, (1.52)

it is natural to impose the same restriction g™ (a) = g~ (a) = 0. This yields the following result.



1.34 Theorem OPTIMALITY OF CANONICAL MONOTONE REPRESENTATIONS OF FUNCTIONS
OF BOUNDED VARIATION. Let f : [a, b] — R be a function of bounded variation on [a, b]. If
g :]a,b] - Rand g™ : [a, b] — R are nondecreasing functions on |a, b] such that

fx)=fla)+8"(x)—g (x) Vx€la,b], (1.53)

and
g (a)=g (a)=0 (1.54)

then
Pr(x) <g"(x) <Vp(x) Vx€la,bl], (1.55)
Ny(x) < g (x) <2Ng(x) Vx€la,b]. (1.56)

1.35 Lemma Let % be a family of functions f : I — R where I is some set, and f1, f> € F. If

filx) < flx), Vxel, VfeZF, (1.57)

and
LX) < flx), Vxel,VfeF, (1.58)

then
filx) = flx), Vxel. (1.59)

The above lemma is a unicity property: it means that only one element f; of .# can satisfy the
inequality (1.57).

1.36 Theorem CANONICAL MONOTONE REPRESENTATIONS OF FUNCTIONS OF BOUNDED
VARIATION. Let f : [a, b] — R be a function of bounded variation on [a, b], and ./ the set of
the nondecreasing functions g : [a, b] — R such that g(a) = 0. Then,

(a) there is a unique pair of nondecreasing functions f*, f~ € .#; such that

fx)=fla)+f(x)—f(x) Vxela,b], (1.60)
and
{f(x) = fla) +g1(x) —g2(x) Vx € [a,b]}
={[fT(x)<gi(x) and [ (x)<gi(x)] Vxe€a,b]} (1.61)

for all g1, g» € #; ; further,

fT(x)=Pi(x) and f(x)=Nsp(x) VxE€la,bl; (1.62)
(b) there is a unique pair of nondecreasing functions vy, uy € . such that

fx)=f(a)+ve(x) —up(x) Vx€la,b], (1.63)
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and

{f(x) = f(a) +81(x) —g2(x) Vx€[a, b}
= {[g1(x) <vp(x) and go(x) <ur(x)] Vxe€la,b]} (1.64)

forall g, g» € 4 ; further,

vi(x) =Vr(x) = Pr(x)+Ns(x) and us(x) =2Np(x) Vx€la,b]. (1.65)

1.4. Absolute continuity

1.37 Definition ABSOLUTE CONTINUITY. Let f :[a,b] — R. f is said to be absolutely continu-
ous on [a, b] if, for any € > 0, there is § > 0 such that

f flap)| < e (1.66)

for every finite set of pairwise disjoint intervals (ay,by) such that
(ag,br) Cla,b], k=1,...,n, (1.67)

and

Y |bi—ar| < 6. (1.68)
k=1

1.38 Theorem MONOTONE REPRESENTATION OF ABSOLUTELY CONTINUOUS FUNCTIONS.
Let f : [a, b] — R. If f is absolutely continuous on [a, b], then:

(a) f is of bounded variation on |a, b|;
(b) f can be represented as the difference between two absolutely continuous nondecreasing func-

tions on [a, D).

1.5. Differentiation and integration of monotonic functions

In this subsection, [a, b] represents a closed interval of the real numbers: [a, b] C R, where a € R
and b € R.

1.39 Theorem BOUNDEDNESS AND INTEGRABILITY OF MONOTONIC FUNCTIONS. Let f:
[a, b] — R. If f is nondecreasing on [a, b|, then f is measurable, bounded, and integrable on [a, b).

1.40 Theorem CONTINUOUS-JUMP DECOMPOSITION OF LEFT-CONTINOUS NONDECREASING

FUNCTION. Let f :[a, b] — R. If f is nondecreasing and continuous from the left on [a, D], then f
is the sum of a continuous function and a left-continuous jump function.
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1.41 Theorem DIFFERENTIABILITY OF MONOTONIC FUNCTIONS. Let f: [a,b] — R be a non-
decreasing function on [a, b]. Then f is differentiable almost everywhere on [a, b].

1.42 Corollary DIFFERENTIABILITY OF FUNCTIONS OF BOUNDED VARIATION. Let be [ :
[a, b] — R be a function of bounded variation on [a, b]. Then f is differentiable almost everywhere
on |a, b].

1.43 Theorem DIFFERENTIABILITY AND ABSOLUTE CONTINUITY OF DEFINITE INTEGRALS.
Letbe f : [a, b] — R. Suppose f is integrable on |a, b] and let

Flx) = / £(x)dx. (1.69)

Then:

(a) F(x) is differentiable and
F'(x) = f(x) (1.70)

for almost all x € [a, b];
(b) F(x) is absolutely continuous on [a, b];

(c) if f(x) is continuous at xo € (a,b), then F (x) is differentiable at xy and
F'(x0) = f(x0). (1.71)

1.44 Theorem INTEGRABILITY OF MONOTONIC FUNCTIONS. Let F : [a, b] — R be a nonde-
creasing function on [a, b]. Then the derivative F’(x) is integrable on [a, b] and

b
/F’(x)dx <F(b)—F(a). (1.72)

1.45 Theorem FUNDAMENTAL THEOREM OF CALCULUS FOR ABSOLUTELY CONTINUOUS
FUNCTIONS (LEBESGUE). Let F : [a,b] — R be a nondecreasing function on |a, b]. If F(x) is
absolutely continuous on [a, b|, then the derivative F'(x) exists for almost all x € [a, b], and

/F’(x)dx — F(x)—F(a). (1.73)

1.46 Corollary CHARACTERIZATION OF ABSOLUTELY CONTINUOUS FUNCTIONS. Let F :
[a, b] — R be a nondecreasing function on [a, b]. The formula

/ F'(x)dx = F(x) — F(a) (1.74)

12



holds for all x € [a, b] if and only if F (x) is absolutely continuous on [a, b].

2. Generalized inverse of a monotonic function

2.1 Definition GENERALIZED INVERSE OF A NONDECREASING RIGHT-CONTINUOUS FUNC-
TION. Let f be areal-valued, nondecreasing, right continuous function defined on the open interval
(a, b) where —co < a < b < co. Then the generalized inverse of f is defined by

[(y) =inf{x € (a,b) : f(x) > y} 2.1)

for —oo <y < oo (with the convention inf(0) = b). Further, we define =" as the restriction of f* to
the interval (inf(f), sup(f)) = (inf{f(x) : x € (a,b)}, sup{f(x) : x € (a,b)}) :

) =f(y) forinf(f) <y <sup(f). (2.2)

2.2 Definition GENERALIZED INVERSE OF A NONDECREASING LEFT-CONTINUOUS FUNCTION.
Let f be a real-valued, nondecreasing, left continuous function defined on the open interval (a, b)
where —oo < a < b < oo, Then the generalized inverse of f is defined by

f7(y) = supfx € (a,b) : f(x) <y} (2.3)
for —oo <y < oo (with the convention sup(0) = a).

2.3 Proposition GENERALIZED INVERSE BASIC EQUIVALENCE (RIGHT-CONTINUOUS FUNC-
TION). Let f be a real-valued, nondecreasing, right continuous function defined on the open
interval (a, b) where —eo < a < b < eo. Then, for x € (a, b) and for every real y,

y<fx) e f(y) <x, (2.4)
y>fx) e f1y)>x, (2.5)
fIrlzy. (2.6)

2.4 Proposition GENERALIZED INVERSE BASIC EQUIVALENCE (LEFT-CONTINUOUS FUNC-
TION). Let f be a real-valued, nondecreasing, left continuous function defined on the open interval
(a, b) where —oo < a < b < oo. Then, for x € (a, b) and for every real y,

y< flx)e () <x. 2.7

2.5 Proposition CONTINUITY OF THE INVERSE OF A NONDECREASING RIGHT-CONTINUOUS
FUNCTION. Let f be a real-valued, nondecreasing, right continuous function defined on the open
interval (a, b) where —eo < a < b < oo, and set

a(f)=inf{x € (a,b) : f(x) >inf(f)}, b(f)=sup{x € (a,b): f(x) <sup(f)}. (2.8)
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Then, f* is nondecreasing and left continuous. Moreover

Jm o) =a, lmf'(y)=>b (2.9)

and
li “y) = li Ty =b(f). 2.10
Jim fT0)=alp), | lim f70)=b(/) (2.10)

3. Distribution functions

3.1 Definition DISTRIBUTION AND SURVIVAL FUNCTIONS OF A RANDOM VARIABLE. LetX
be a real-valued random variable. The distribution function of X is the function F (x) defined by

Fx)=P[X <x],xeR, (3.1)
and its survival function is the function G(x) defined by
G(x)=P[X >x], xeR. (3.2)

3.2 Proposition PROPERTIES OF DISTRIBUTION FUNCTIONS. Let X be a real-valued random
variable with distribution function F (x) = P[X < x]. Then

is nondecreasing;

is right-continuous;

—0asx — —oo;

— 1l asx — oo

(X =x] = F(x) - F(x—);

(f) foranyx € R andq € (0, 1),

{PIX<x]>gandPX>x]>1—qg} <= {PX <x]<gandP[X >x]<1—gq}.

3.3 Remark In view of Proposition 3.2, the domain of a distribution function F(x) can be extended
to R R = RU{—oo} U{oo}, the extended real numbers, by setting

F(—)=0and F(«) =1. (3.3)

3.4 Proposition PROPERTIES OF SURVIVAL FUNCTIONS. Let X be a real-valued random variable
with survival function G(x) = P[X > x]. Then

(a) G(x) is nonincreasing;

(b) G(x) is left-continuous;
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(¢)
(d)
(¢)
(f)

(x) = 1 asx — —oo;

G

G(x) — 0 as x — oo;

PX =x] =G(x) — G(x+);
G

(x)=1-F(x)+P[X =x].

4. Indicator representations of distribution and survival functions

4.1 Definition INDICATOR FUNCTION OF A PROPOSITION. Let p be a proposition which may be
true or false. The indicator function associated with p is the function defined

| 1 ifpistrue
1(p) '_{ 0 if pis false 1)

4.2 Definition INDICATOR FUNCTION OF A SET. Let A be a subset of R. The indicator function
of A is the function 1 : R — {0, 1} defined by

[ 1 ifxeA
14 (x) ._{ 0 ifxdA - 4.2)

4.3 Definition INDICATOR RANDOM VARIABLE. Let X be a real random variable, and A an X -
measurable event (i.e., a subset of R such that the probability P[X € A] is defined). The indicator
random variable of A is defined as

X €A} = 14(X) :{ (1) g Zﬁ . 4.3)

4.4 Proposition MEAN AND VARIANCE INDICATOR RANDOM VARIABLE. Let X be a real ran-
dom variable, and A an X -measurable event. Then

E[14(X)] = P(A), 4.4)
V[14(X)] =P(A)[1 - P(A)]. (4.5)
From Definition 4.3, we can write:
E[1(_w(X)] = F(x), xR, (4.6)
E[ly o) (X)] = G(x), xR, 4.7)
E[(w(X)] = P[X <x] = F(x) —P[X =x], xR, (4.8)
E[1 (o) (X)] = P[X > x] = G(x) = P[X =x], x € R. (4.9)
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The above indicator variables also satisfy:

V1o g (X)] = PIX <xIPIX >x] = F(x)[1 - F(x)],

5. Sign function
5.1 Definition SIGN FUNCTION. The sign of x € R is the function defined by
1 ifx>0
sgn(x) := 0 ifx=0 .
-1 ifx<O0

It is easy to see that

$gN(x) = 1[0 o) (X) = 1(_eo 0] (%) = 1(0,00) (X) — 1 (e, 0) (X) -
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From Proposition 4.4, it is easy that:

E[ljp,w)(X)] =P[X 20], E[1(_w(X)]=P[X <0], (5.3)
E[1(0,00)(X)] =P[X > 0], E[l(_wo(X)] =P[X <0], (5.4)
V[1p.)(X)] = P[X>0]P[X <0]=P[X >0JP[X < 0]+P[X =0]P[X <0]
= V[1(,«)(X)], (5.5)
V1 wg(X)] = PX<O0JP[X>0]=P[X >0JP[X <0]+P[X =0]P[X >0]
= V[« qX)], (5.6)
ClLjo,e (X), 1) (X)] = PIX > 0] ~P[x > O]P[X < 0], 57)
C[l(o,w) (X), 1(_0070) (X)} = —[P[X > O]UD[X < 0] . (5.8)
5.2 Proposition MEAN AND VARIANCE OF SIGN FUNCTIONS. Let X be a real random variable.
Then
Elsgn(X)] = P[X>0]—P[X <0]=P[X >0]—P[X < 0]
= 2P[X > 0]—P[X #0] = P[X # 0] —2P[X < 0], (5.9)
E[(sgn(X))*] = P[X > 0]+ P[X < 0] = 1 —P[X = 0], (5.10)
Vsgn(X)] = P[X >0]+P[X <0]—(P[X > 0] —P[X <0])?
= 1-PX=0]—(P[X >0]-P[X <0])% (5.11)

V[sgn(X)] decreases as the asymmetry around zero (the difference |P[X > 0] — P[X < 0]|) or the
mass at zero P[X = 0] increases. If P[X = 0] = 0, it follows from (5.11) that

V[sgn(X)] = 1—(P[X>0]-P[X <0])>=1-[1-F(0)—F(0)*
= 1—[1-2F(0)]>=1—[1—4F(0)+4F(0)%] = 4F (0) — 4F (0)*
= 4F(0)[1—F(0)]. (5.12)

If P[X > 0] = P[X < 0], we have

V[sgn(X)] =1—-P[X =0] (5.13)
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6. Quantile functions

6.1 Definition QUANTILE FUNCTION. Let F(x) be a distribution function. The quantile function
associated with F is the generalized inverse of F, i.e.

FlYg)=F (¢)=inf{x:F(x)>q},0<qg<1. 6.1)

6.2 Remark F~'(g) may also be defined for ¢ =0 and ¢ = 1, if we allow F~!(0) = —co and
F~1(1) = 4-o0. More precisely,

F10)= -0 F(x)>0,VxeR, (6.2)

Fll)=w& Flx)<1,VxeR. (6.3)

If F~'(0) = m where m is a finite real number, this means X has a finite lower bound (almost surely),
Le.
P[X <m]=0and P[X > x| > 0forall x >m. 6.4)

If F~'(1) = M where M is a finite real number, this means X has a finite upper bound (almost
surely), i.e.
P[X >M]=0and P[X >x] >0forallx <M. (6.5)

In general, irrespective whether F~!(0) and F~!(1) are finite, we can write:
P[X < F~'(0)] = 0and P[X >x] >0 forall x > F'(0), (6.6)
P[X > F~'(1)]=0and P[X >x] > Oforallx < F~'(1). (6.7)

6.3 Theorem PROPERTIES OF QUANTILE FUNCTIONS. Let F(x) be a distribution function. Then
the following properties hold:

(a) foreachq € (0,1), there is a unique real number a such thata = F~'(q);
(b) a = F~!(q) iff the two following conditions hold:

(1) Fla) = g;
(2) x<a=F(x)<gq;

(c) F'(g)=inf{x:P[X <x]<g<PX<i]},0<g<1;
(d) F-'(q) =sup{x:F(x)<q},0<qg<1;

(e) F~1(q) is nondecreasing and left continuous;

(f) F(x) >qg&x>F1(q),forallxc Randq € (0,1);
(g Fx)<q&x<FY(q),forallxeRandg € (0,1);
(h) FIF~'(q)-] < q< FIF\(q)], forall g € (0, 1);
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(i) FUF(x))| <x<F YF(x)+], forallx e R;

(j) if F is continuous at x = F~!(q), then F[F~'(¢)] = q;
(k) if F~! is continuous at ¢ = F(x), then F~![F(x)] = x:
(1) forge (0,1), FIF~'(q)] =q & q € F[R];

(m) F[F~'(q)]=gqforallge (0,1) < (0,1)CF[R]

& F is continuous
& F~1 is strictly increasing ;

(n) foranyx € R, F~'[F(x)] =x< F(x—¢) < F(x) forall € > 0;
(o) foranyx € R, P[X =x] > 0= F![F(x)] = x;

(p) Fl[F(x)]=xforallx €R < F is strictly increasing
& F~! is continuous;

(q) F is continuous and strictly increasing <> F~! is continuous and strictly increasing ;
(r) F-'oFoF~' = F~! or, equivalently,

F ' (F[F'(9)])=F '(q), forallge (0,1);

(s) FoF~'oF =F or, equivalently,

F(F'[F(x)])=F(x), forallx e R.

6.4 Theorem CHARACTERIZATION OF DISTRIBUTIONS BY QUANTILE FUNCTIONS. IfG(x)isa
real-valued nondecreasing left continuous function with domain (0, 1), there is a unique distribution
function F such that G =F~ " .

6.5 Theorem DIFFERENTIATION OF QUANTILE FUNCTIONS. Let F(x) be a distribution function.
If F has a positive continuous f(x) density f in a neighborhood of F~!(qq), where 0 < qo < 1, then
the derivative dF ~'(q) /dq exists at ¢ = qo and

dF~1(q) 1
= . 6.8
g |, FF (@) (©8)

6.6 Proposition Let X be a real-valued random variable with distribution function F (x) = P[X < x]
and survival function G(x) = P[X > x]. Then, for any q € (0, 1),

(a) PIX <F !q)]>qandP[X > F ! (q)] > 1—gq;

(b) PIX <F~'(g)] <qandP[X >F '(q)] <1-¢q
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7. Quantile sets and generalized quantile functions

7.1 Notation X is a random variable with distribution function Fy(x) = P[X <x]. R=RU{—oo}U
{0} is the set of the extended real numbers.

7.2 Definition QUANTILE OF RANDOM VARIABLE. A quantile of order g (or a g-quantile) of the
random variable X is any number m, € R such that P[X < m,] > q and P[X > m,] > 1 — g, where
0 < ¢ < 1. In particular, mg 5 is a median of X, myg s is a first (or lower) quartile of X, and myg 75 is
a third (or upper) quartile of X.

7.3 Remark For g = 0, m; = —oo always satisfies the quantile condition. If there is a finite number
dr, such that P[X < d;] = 0, then any x such that x < d is a quantile of order 0. Similarly, for
q = 1, my = o always satisfies the quantile condition. If there is a finite number dy such that
P[X < dy] = U, then any x such that x > dy is a quantile of order 1.

8. Distribution and quantile transformations
8.1 Notation U (0, 1) a uniform random variable on the interval (0, 1).

8.2 Theorem QUANTILES OF TRANSFORMED RANDOM VARIABLES. Let X be a real-valued
random variable with distribution function Fx (x) = P[X < x]. If g(x), x € R, is a nondecreasing left
continuous function, then

Fux)(@) =g (Fc'(q) . forall0<g<1, (8.1)

where Fy(x)(x) = P[g(X) < x| and Fg’(;() (q) = inf{x: Fyx)(x) > q}.

8.3 Corollary QUANTILES OF A LINEAR TRANSFORMATION. Let X be a real-valued random
variable with distribution function Fx (x) = P[X <x], and let a and b be two real constants. If a > 0,
then Fa}ler(Q) =aFy '(q)+b, for0<g<1.

8.4 Theorem TRANSFORMATION BY A DISTRIBUTION FUNCTION. Let X be a real-valued
random variable with distribution function Fx(x) = P[X < x|, Fy(x) a distribution function, and
U = Fy(X). Then, for allu € (0, 1),

U<ueFRX)<usX<F () (8.2)

and
PU <u] =P[X <Fy '(u)] = Fx[Fy ' (u)]. (8.3)

8.5 Definition RELATIVE DISTRIBUTION. LetX be a real-valued random variable with distribu-

tion function Fx (x) = P[X < x], and Fy(x) a distribution function. The distribution of U = Fy(X) is
called the relative distribution of X with respect to Fy.
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8.6 Proposition QUANTILES OF THE RELATIVE DISTRIBUTION TRANSFORMATION. LetX be a
real-valued random variable, Fy(x) and F(x) two distribution functions, and U = Fy(X). Then
-1 _p-l(p-1
FFI,1 o) = (R, (8.4)
8.7 Theorem PROPERTIES OF QUANTILE TRANSFORMATION. Let F(x) be a distribution func-
tion, and U a random variable with distribution Fy(x) such that Fy(0) = 0 and Fy(1) = 1. If
X = F~Y(U), then, for all x € R,

X<xeF ' U)<xeU<F() (8.5)
or, equivalently,
HX <x}=H{F'(U)<x} = {U <F(n)}, (8.6)
and
PIX <x]=P[F'(U) <x]=P[U <F(x)] = K (F(x)) ; (8.7)
further,
1{X <x} = 1{F ' (U) < x} = 1{U < F(x—)} with probability 1 (8.8)
and
PIX <x] =P[FY(U) <x] =P[U < F(x—)]. (8.9)

In particular, if U follows a uniform distribution on the interval (0, 1), i.e. U ~ U(0, 1), the distri-
bution function of F~'(U) is F :

PIF'(U) <x]=P[X <x] =P[U < F(x)]=F(x), Vx € R. (8.10)

8.8 Corollary QUANTILE TRANSFORMATION OF U|0, 1] VARIABLE. Let F(x) be a distribution
function, U ~ U[0, 1] and X = F~'(U). Then,

PX = —oo

I
=
el
I
8
]
<

(8.11)

PIX <x]=F(x), VxeR. (8.12)

8.9 Theorem PROPERTIES OF DISTRIBUTION TRANSFORMATION. Let X be a real-valued ran-
dom variable with distribution function F (x) = P[X < x]. Then the following properties hold:

(a) P[F(X) <u|<u,foralluc[0,1];

(b) PIF(X)<ul=u<uccl{F(R)},
where cl{F (R)} is the closure of the range of F;

(¢c) PIF(X)<F(x)]=P[X <x]=F(x), forallx € R;
(d) F(X)~U(0,1) <« F is continuous;

(e) forallx, 1{F(X) < F(x)} = 1{X < x} with probability 1;
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(f) F~'(F (X)) = X with probability 1.

8.10 Theorem QUANTILES AND P-VALUES. Let X be a real-valued random variable with distri-
bution function F (x) = P[X < x] and survival function G(x) = P[X > x]. Then, for any x € R,

G(x) = P[G(X)=>G(x)]
F'((F (x) = pr(x)")]
F ' ((1-G@x)")] (8.13)

where pp(x) =P[X =x] = F(x) — F (x—).

9. Relations between moments and quantiles

9.1 Theorem QUANTILE REPRESENTATION OF THE MEAN. IfE(|X|) < o, we have:

1 1
E(X) :/ Fo'(u)du = / Fy (u)du. ©.1)
0 Jo
9.2 Lemma EXPANSION OF THE EXPECTED ABSOLUTE DEVIATION. For any m and c,
E(IX —cf) =E(X —m|) +(c—m) [P (X <m) =P (X >m)]
+2 / (c—x)dFx(x), ifm<c,
(m, c)

ZE(IX =)+ (m— ) [P (X > m) — P (X < m)]
—|—2/(x—c)dFX(x), ifm>c. 9.2)

(e,m)
PROOF OF LEMMA 9.2  Let m < c¢. We can write :

E(|X —m|) = / (m—x) dFx (x) + /(x—m)dFX(x)+ / (r—m)dFx(x),  (93)

(7°°7m] (m,c] (va)

F(|X —c|) = / (c—x) dFx (x) + /(c—x)dFX(x)—l— / (r—c)dFx(x).  (9.4)

(7°°7 m] (m> C] (C7 °°)

Subtracting (9.3) from (9.4), we get :
E(X—cl) — E(X—m|)
= / (¢ —m) dFx(x)+ / (c+m—2x)dFx(x)

(7°°=m] (mvc]

22



+ / (m—c) dFx(x)
(Co)

= (c-m){PX<m]-P[X>c]}

+(c+m)[P[m<X§c]—2/xdFX(x)
(m,c]

= (c—-m){PX<m|-PX>m+Pm<X<c]}
+(c+m)[P[m<X§c]—2/xdFX(x)

(m,c]

= (c—-m){PX<m]—P[X>m|}
—|—2c[P[m<X§c]—2/xdFX(x)
(m, c]
= (c—m){[P[XSm]—[P[X>m]}+2/ (c—x)dFx(x) >0.
(m, c]
Now, let ¢ < m. We can write:

E(|X —m]) = / (m —x) dFy (x) + / (m —x) dFx (x) + / (r—m)dFx(x),  (9.5)

(—oo’c) [Cﬂ’l’l) [m’oo)

E(X —cf) = / (c —x)dFy (x) + / (x—¢) dFy (x) + / (r—c)dFx(x).  (9.6)

(—007(;) [c,m) [mvoo)

Subtracting (9.5) from (9.6), we get:

E(IX —c]) — E(X—m])
_ / (c—m) dFx(x) + /(2x—c—m)dFX(x)—|— / (m—¢) dF(x)
(o) (Cm) )

_ (c—m){[P[X<c]—[P[XZm]}—(c+m)[l3[c§X<m]+2/xdFX(x)
Cm)

= (c—=m){PX<m|-Plce<X<m—-PX>m]}
—(c+m)|]°[c§X<m]+2/xdFX(x)

[e,m)

= (m—c){lP[XZm]—[P[X<m]}—2clP[c§X<m]+2/xde(x)

[e;m)
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_ (m—c){[P[XZm]—[P[X<m]}+2/ (x—¢) dFx(x) > 0.

[e;m)

9.3 Theorem OPTIMALITY OF MEDIANS FOR ABSOLUTE ERROR. Let m be any median of X,
ie. P(X <m)>0.5andP (X >m)>0.5. Then,

E(|X —m|) <E(]X —c]|) foranyc. 9.7)
9.4 Corollary Let m; and my be two medians of X. Then
E (X = m1]) = E (X =) 9:8)
and the function E (|X — c|) has a minimal value with respect to ¢ given by E (|X —m;]) .
9.5 Corollary Letm be any median of X. Then
E(]X —m|) =E(]X —F;'(0.5)]) <E(]X —¢|) foranyc. 9.9)
9.6 Corollary Letm be any median of X. Then,
E(IX —m[) <E(]X —pyl|) < ox. (9.10)
9.7 Theorem OPTIMALITY OF QUANTILES. Let
Lic)=aX—c)y++b(X—c)- (9.11)
where a > 0 and b > 0, let g = a/(a+ b) and let m, be any quantile of order q of X. Then,
E[L(m,)] = E[L(Fy ' (9))] < E[L(c)] for any c. (9.12)

9.8 Theorem CONCENTRATION CONDITION FOR VARIANCE DOMINANCE. LetX andY be two
random variables with finite means [y and ., and finite variances 6% and 63. If

PlIX —ux| <x] > P[|Y —uy| <x] forall x, (9.13)
then 6% < 0% .

9.9 Theorem MEAN-QUANTILE INEQUALITY. Let m, a quantile of order g of the random variable
X. Then, if E (]X|) < oo,

E(X) —ox[(1—q)/q]"?

iy
>
e
IN

mg) < my
my)

<
< E(X)+oxlg/(1—q)]"/? (9.14)

IN N



where ox = [E(X — EX)?] 1/2, and

g —EQ0| < ox max {[(1-9)/4]', [a/ (1 =)'} 9.15)
9.10 Corollary MEAN-MEDIAN INEQUALITY. Let m be any median of X. Then, if E (|X|) < oo,
lm—E(X)| < ox. (9.16)

9.11 Theorem SYMMETRIZAT~ION INEQUALITIES. LetX; and X, two i.i.d. random variables, let
m be any median of X, and set X = X; — X, Then, for any € and a,

PX —m>¢] <2P[X >¢] 9.17)

and
P[1X —m| > €] <2P[|X| > ¢e] <4P[|X —a| > &/2]. (9.18)

9.12 Theorem RANGE-STANDARD DEVIATION INEQUALITY. If Qunin and Qmnax are two real
numbers such that P[Qmin < X < Omax] = 1, then

[E(‘X _“X’) <oy < [Qmax - Qmin]/z- (9.19)

PROOF OF THEOREM 9.2 If d = |Qmax — Omin| = +oo, the result holds trivially. Let d < oo,
which means that Q. and Qnin are both finite. Setting V = [Qmin + Omax] /2, We see that | X — v| <
d /2 with probability one. Using the fact that the mean t, minimizes E[(X — ¢)?] with respect to c,
it follows that

0% = E[(X —uy)?] <E[(X —Vv)*] < d?/4 (9.20)

and ox < [Qmax - Qmin]/2~ O

9.13 Theorem RANGE-MEAN ABSOLUTE DEVIATION INEQUALITY. If Qmnin and Qnax are two
real numbers such that P[Qpin < X < Omax] = 1 and if m is a median of X, then

E(X —m]) < E(IX — tiy]) < [Omax — Ominl/2. 9.21)

PROOF OF THEOREM 9.13  If d = |Qmax — Omin| = +°, the result holds trivially. Let d < oo,
which means that Qpax and Qpi, are both finite. Setting vV = [Qmin + Omax|/2, we see that |X — v| <
d /2 with probability one. Using the fact that the median m minimizes E[|X — ¢|] with respect to c,
it follows that

E(X — m]) < E(X — py]) < E(X — v]) < d/2. 9.22)

O]
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10. Multivariate generalizations

10.1 Notation CONDITIONAL DISTRIBUTION FUNCTIONS. LetX = (Xj, ..., Xy)" ak x 1 random
vector in RK. Then we denote as follows the following set of conditional distribution functions:

F(a) = FAn)=PX <x], (10.1)
B (xlx) = PX <xfX=x], (10.2)
Fk‘.(xk\xl,...,xk,l) = [P[ngxk]Xl:xl,...,Xk,lzxk,l] . (103)

Further, we define the following transformations of Xy, ... , Xy :
Zi = FR(X), (10.4)
Z, = F(X|X1), (10.5)
Zr = F(XlX, ..., X1). (10.6)
10.2 Theorem TRANSFORMATION TO i.i.d. U(0,1) VARIABLES (ROSENBLATT). Let X =
(X1, ..., Xx) be a k x 1 random vector in R with an absolutely continuous distribution function
F(x1,...,xx) = P[X1 <xi,...,Xx <xi|. Then the random variables Z, ..., Z; are independent

and identically distributed according to a U (0, 1) distribution.
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11. Proofs and additional references

1.4 - 1.5 Rudin (1976), Chapter 4, pp. 95-97, and Chung (1974), Section 1.1. For (a)-(b), see
Phillips (1984), Sections 9.1 (p. 243) and 9.3 (p. 253).

1.6 - 1.9 Ramis, Deschamps, and Odoux (1982), Section 4.3.2, p.121.

1.10 Chung (1974), Section 1.1, p. 4.

1.19 Kolmogorov and Fomin (1975), Section 32.

1.21 Royden (1968, Chapter 5, Section 2, Lemma 3).

1.25 Protter and Morrey (1991, Chapter 12, Theorem 12.8), Kolmogorov and Fomin (1975,
Section 32, Theorem 3).

1.27 Devinatz (1968, Chapter 5, Theorem 5.5.4).

1.30 Kolmogorov and Fomin (1975, Section 32, Theorem 4), Royden (1968, Chapter 5, Sec-
tion 2, Theorem 4).

1.31 The equivalence follows from the combination of Theorems 1.19 and 1.30.

1.33  Devinatz (1968, Chapter 5, Theorem 5.5.3).

1.38 Kolmogorov and Fomin (1975), Section 33.2 (Theorems 2 and 4).

1.39 Kolmogorov and Fomin (1975), Section 31.1, Theorem 1.

1.40 Kolmogorov and Fomin (1975), Section 31.1, Theorem 5.

1.41 Haaser and Sullivan (1991), Section 9.3; Riesz and Sz.-Nagy (1955/1990), Chapter 1;
Kolmogorov and Fomin (1975), Section 31.2, Theorem 1.

1.42 Kolmogorov and Fomin (1975), Section 32 (Corollary 1).

1.43  Kolmogorov and Fomin (1975), Section 31.3 (Theorems 7 and 8), and Section 33.2 (The-
orem 5). For (c), see Ross (1980), Chapter 6, Theorem 34.3.

1.44 Kolmogorov and Fomin (1975), Section 33.1 (Theorem 1).

1.4 Kolmogorov and Fomin (1975), Section 33.2.

1.38 Kolmogorov and Fomin (1975), Section 33.2 (Theorem 2).

1.45 Kolmogorov and Fomin (1975), Section 33.2 (Theorem 6).

1.46 Kolmogorov and Fomin (1975), Section 33.2 (Remark to Theorem 6).

2.3 (2.4)is proved by Reiss (1989, Appendix 1, Lemma A.1.1). (2.5) and (2.6) are also given
by Gleser (1985, Lemma 1, p. 957).

2.4 Reiss (1989), Appendix 1, Lemma A.1.3.

2.5 Reiss (1989), Appendix 1, Lemma A.1.2.

3.2 (f) Lehmann and Casella (1998), Problem 1.7 (for the case ¢ = 1/2).

6.3 (b) is mentioned by Hosseini (2009, 2010). (c) is mentioned by Reiss (1989, Lemma
1.5.4). For (d), see Williams (1991, Section 3.12 (p. 34).). (o) is stated by Hosseini (2009, 2010).

8.2 Parzen (1980) and Shorack and Wellner (1986, page 9, Exercise 3) state this result without
proof. For a proof, see Hosseini (2009, 2010).

8.6 This follows directly from the observation that the quantile function F 1’1 (q) is nondecreasing
and left continuous.

8.4-8.5 For discussion of relative distributions, see Handcock and Morris (1999) and Thas
(2010).

8.9 (a)-(b) Shorack and Wellner (1986), Chapter 1, Proposition 2.
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9.1 See the literature on Lorenz curves: Arnold and Villasefior (1987), Shaked and Shantiku-
mar (1994, equation (2.A.17) and Theorem 3.C.4).

9.2 This result is stated by Gnedenko (1969, Section 30, page 194) for the case where
P(X <m)=P(X >m) and by Lehmann and Casella (1998, Chapter 1, Problem 1.8, p. 62) for
the case where Fy (0.5) < ¢ with P (X <m) > 0.5 and P (X > m) > 0.5. We give here a complete
proof.

9.3 See Ferguson (1967, Section 1.8, Problem 2, page 51), Gnedenko (1969, Section 30, page
194) and Lehmann and Casella (1998, Chapter 1, Problem 1.8, p. 62).

9.7 See Ferguson (1967, Section 1.8, Problem 2, page 51) and Gilat and Hill (1993).

9.8 See Rao (1973, Section 2b.2, page 96).

9.9 See Mallows and Richter (1969, Section 4) and Dharmadhikari (1991). The outer inequal-
ities in (9.15) have also been obtained by Moriguti (1953). The symmetric inequality (9.15) follows
in a straightforward way from (9.15). It is also mentioned by O’Cinneide (1990); for an alternative
derivation, see David (1991).

9.11 See Loeve (1977, Section 18.1, p. 257).

9.12 For the case of a discrete distribution, this inequality was given by Thompson (1935),
without proof, and by Guterman (1962) and Sher (1979) with simple proofs. See also Page and
Murty (1982, 1983).

9.13  This result has not apparently been stated elsewhere.

10.2 See Rosenblatt (1952).
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