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1. Formulasfor partitioned regression

y = XB+¢€
— (X]_, Xz) (Bl) + &
B,
= X1 +XBr+ € (1.1)
n__ I\ —1v /I, [31
B=(XX)"Xy= ([32) (1.2)
where
X o Txk, Xg:Txky, Xo:Txky,
[31 C ke x 1, Bzik2><1, k=k;+ks.
By = (X{X) Xy — (X{X1) " IX{ XD XgMyy
= by — (XX1) X XD X May (1.3)
where
by = (XX1) Xy, (1.4)
Mp = Ir — Xy (X{X1) X, (1.5)
D = XjMXs; (1.6)
B, =D XMy = (XsM1Xo)  X5Myy:; (1.7)
By = (X{MoXq) X Moy (1.8)
where
Mz = It — Xo(XXa) X5 (1.9)

For further discussion, the reader may con consult Schmidt {127& Seber



(1977).

2. Updating formulasfor linear regressions

Vv=xB+e& , t=1,..T (2.1)
where
X 1 Kkx1, (2.2)
Y1 _é_
o=| 2|, x={"| , r=kk+1..T (2.3)
Yr i X/r |
br = (X %)~ IXY; (2.4)

IS the estimator o8 based on the firgtobservations. Then the following updating
formulas hold [see Brown, Durbin and Evans (1975)] :

br=br 1+ (Xrlxr)_lxr (Yr —=xbr1) , kK+1<r<T, (2.5)
(X)) e (X aXe)

/ —1: /_ B 2.6
(X Xr) (Xr—1Xr-1) e (0 % 1) % (2.6)
Further,
V(b) =V (br1) = 02(XX) - 02X 1% 1)t
/ -1 / / -1
__grleXey) XX (XaXe) (2.7)

1‘|‘X; (Xr/_lxr—l)_ Xy
IS a negative semidefinite matrix.



3. Orthogonal decompositions of least squares estimators

ConsiderB andBo, respectively the unrestricted estimatorfoand the restricted
estimator of under the constraiRB =r :

B =(X'X)"'Xly, (3.1)
Bo=B+Qr[r —RB] (3.2)
where
Qr= (X'X) 'R[R(X'X)'R] ™ (3.3)
Then, we see easily that
RB—r = R[B+(X'X) *X'e] —r (3.4)
= (RB—r)+Rxe (3.5)
where
Ry = R(X'X) "X/, (3.6)
B—ﬁo = QR[Rﬁ—r]
= Qr[(RB—r)+Rxe]
= Qr(RB —r)+QrRxE
Qr(RB —T1)+ Qe (3.7)
and
Bo = B‘F(Bo—ﬁ)
= B+ (X'X) "' X'e—Qr(RB—T1)—Q¢
= B+Qr(r—RB)+[(X'X) "X —Qle (3.8)
where

Q = QrRx = QrRR(X'X) ' X'. (3.9)



Since

ReX (X'X)H= R(X'X) TIX/X (X'X) F=R(X'X) 7, (3.10)
ReR = R(X'X) XX (X'X) "R = R(X'X) 'R (3.11)
and
RxQ = RxRQg
— R(X'X)'R[RXX) 'R R(XX) (3.12)
= R(X'X)", (3.13)

it follows that

C(RB—T, By) = C(Rxe, [(X'X) "X’ —Qle)
— E[Rxee[(X'X) X'~ Q)]
= o?Ry[(X'X) X = Q]
= 2Ry [X(X'X) 1= Q]
= g?[R(X'X) T =R(X'X) "] =0. (3.14)
and

C(ﬁ — 307 l}o) = C(QR[FEIAS’ — rl? .[A30>
= QrC(RB—T, By) =0.

Thus[ASo andRﬁ —r are uncorrelated under the assumptions of the classical linez
model, and similarly fo3, andf — 3,. This holds even if the normality assump-
tion or the restrictiorRB = r do not hold. Consequently, the identity

B =Bo+ (B—Bo) (3.15)

provides a decomposition &as the sum of two uncorrelated random vectors, so
that

~

V(B) =V(Bo) +V(B—PBo)- (3.16)



More explicitly, we have

~ ~

B =Bo+Qr(r—RB)—Qe
where A A
C|Bo, Qy] = C[By, Qe| =0.

An interesting special case of the latter results is the ongavhe
y=XiB1+XPBr+ €

and the restrictions take the form

[3220,
with
R=0,ly,],r =0.

Then A i 1
5 Ba ~ [ Bio ) _ [ (XX) Xy
B‘(ﬁz)’ ﬁo—(fzzo>—( o )

and i i o )

Bl - .Blo_QZORB — Blo—onﬁz
where

Bo = (XM1Xe) XMy
andp3,is independent o ,.2

1See Magnus and Durbin (1999) and Danilov and Magnus (2001) férdudiscussion.
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