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1. Model

Considerm linear regressions of the form:

yi = Xiβi + ui , i = 1, . . . , m (1.1)

where

yi andui areT × 1 vectors, (1.2)

Xi is aT × ki matrix, (1.3)

1 ≤ rank (Xi) = ki < T , (1.4)

E
[

uiu
′

j

]

= σijIT . (1.5)

Thesem relations can be written:
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(1.6)

or
y = Xβ + u

wherey, X, β andu are vectors (or matrices) of dimensions(Tm) × 1, (Tm) × k, k × 1
and(Tm) × 1 respectively,
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,

k = k1 + k2 + · · ·+ km ,

V (u) ≡ Σ =
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= Σc ⊗ IT ,
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Σc =
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Note _⊗ represents Kronecker’s product. If

A = [aij ]i=1,...,m
j=1,...,n

, B = [bij ]i=1,...,p
j=1,...,q

,

then

A ⊗ B =
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.

Properties of Kronecker’s product:

(A ⊗ B) (C ⊗ D) = (AC) ⊗ (BD) , (1.7)

(A ⊗ B)′ = A′ ⊗ B′, (1.8)

A ⊗ (B + C) = A ⊗ B + A ⊗ C , (1.9)

(A ⊗ B)−1 = A−1 ⊗ B−1. (1.10)

2. Estimation

2.1. Generalized least squares

The generalized least squares estimator ofβ in model (1.6) is given by:

β̂Z =
(

X ′Σ−1X
)

−1

X ′Σ−1y , (2.1)

V
(

β̂Z

)

=
(

X ′Σ−1X
)

−1

. (2.2)

The idea of using generalized least squares to jointly estimate several regression was sug-
gested by Zellner (“Seemingly unrelated regressions”). Ingeneral,̂βZ is an estimator ofβ
more efficient than OLS applied to each equation in (1.1).

2.2. Equivalence conditions with ordinary least squares

It is possible to identify cases where the two methods are equivalent.
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1. σij = 0, ∀i 6= j (errors uncorrelated between equations).
In this case,
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hence
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and
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2. X1 = X2 = · · · = Xm ≡ X̄ (same regressors in them equations).
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In this case,
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hence

β̂Z =
[

(

Im ⊗ X̄
)

′
(

Σ−1

c ⊗ IT

) (

Im ⊗ X̄
)

]

−1
(

Im ⊗ X̄
)

′
(

Σ−1

c ⊗ IT

)

y

=
[

Σ−1

c ⊗
(

X̄ ′X̄
)]

−1 (

Σ−1

c ⊗ X̄ ′
)

y

=
[

Σc ⊗
(

X̄ ′X̄
)

−1
]

(

Σ−1

c ⊗ X̄ ′
)

y =
[

Im ⊗
(

X̄ ′X̄
)

−1

X̄ ′

]

y

=











(

X̄ ′X̄
)

−1

X̄ ′ 0 · · · 0

0
(

X̄ ′X̄
)

−1

X̄ ′ · · · 0
...

...
...

0 0 · · ·
(

X̄ ′X̄
)

−1

X̄ ′





















y1

y2

...
ym











=











(

X̄ ′X̄
)

−1

X̄ ′y1
(

X̄ ′X̄
)

−1

X̄ ′y2

...
(

X̄ ′X̄
)

−1

X̄ ′ym











=











β̂
1

β̂
2

...
β̂m











.

2.3. Estimation of the covariance matrix

In practice,Σc must be estimated. Two main methods have been proposed to do this.

1. Method based on OLS applied to individual equations.
Given

ûi = yi − Xiβ̂i ,

β̂i = (X ′

iXi)
−1

Xiyi , i = 1, . . . , m ,

we can compute the estimators

σ̂ij = û′

iûj/T , i, j = 1, . . . , m ,

Σ̂c = [σ̂ij]i,j=1,...,m
, Σ̂ = Σ̂c ⊗ IT ,
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which yields the following estimator ofβ :

bZ =
(

X ′Σ̂−1X
)

−1

X ′Σ̂−1y .

ForT large,
bZ

app
∼ N

[

β,
(

X ′Σ−1X
)

−1 ]

.

2. Iterative procedure.

(a) Σ̂ is estimated by OLS:̂β
0
≡ bZ ;

(b) we reestimateΣ with the new residuals: this yields

Σ̂1 → β̂
1

=
(

X ′Σ̂−1

1
X

)

−1

X ′Σ̂−1

1
y ; (2.3)

(c) we reestimateΣ with the new residuals: this yields

Σ̂2 → β̂
2

=
(

X ′Σ̂2X
)

−1

X ′Σ̂−1

2
y ; (2.4)

(d) and so on up to convergence.

This iterative procedure is equivalent to maximum likelihood and the resulting estimator
is asymptotically normal.
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