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1. Model

Considern linear regressions of the form:

where
y; andu; areT x 1 vectors, (1.2)
X;isaT x k; matrix, (1.3)
1 <rank (X;) =k < T, (1.4)
E [u}| = oi;l7 . (1.5)
Thesem relations can be written:
U1 X 0 ﬁ1 Uy
0 X U
y:2 - : :2 : 6'2 + :2 (1'6)
or
y=X0B+u

wherey, X,  andu are vectors (or matrices) of dimensiafidn) x 1, (Tm) x k, k x 1

and(Tm) x 1 respectively,

Y1 Xr 0 -0 b1 Uy
N T e N R
U 00 X, B i
k=Fk+ko4 -+ kp,
oulr owlr TimlT
Vi =5 — ool ol Tomlr . @I
Omilr Ol Tmm AT



Oml Om2 " Omm

Note _® represents Kronecker’s product. If

A= [aij]i;l ..... m , B = [bz’j]izl ..... D

j=1,...,n Jj=1,....q

then
anbB  apB - a,B
A 2 B aQ%B CLQ?B cee GQTB
amlB amgB s ammB

Properties of Kronecker’s product:

(A® B)(C® D) = (AC)® (BD), (1.7)
(A9 BY = A'®B, (1.8)

AR (B+(C) = A®B+A®C, (1.9)
(A B)™" = Al@B™ (1.10)

2. Estimation

2.1. Generalized least squares

The generalized least squares estimatgf of model (1.6) is given by:
B,=(X'57'X) X'y, (2.1)

V(3,) = (X'Z'X) 7 (2.2)

The idea of using generalized least squares to jointly eséreeveral regression was sug-
gested by Zellner (“Seemingly unrelated regressions”ydneral 3, is an estimator off
more efficient than OLS applied to each equationin (1.1).

2.2. Equivalence conditions with ordinary least squares

It is possible to identify cases where the two methods are/algunt.



1. 0,; =0, Vi # j (errors uncorrelated between equations).

In this case,
oyp 0 .- 0
Zc == ’ 0.22 O 5
0 0 T,

hence

5= 0 0 LI 0 0
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(X{X)™! Xy, b
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2. X1 =X, =---=X,, = X (same regressors in the equations).




In this case,

X 0 - 0
0 X -+ 0 _
X = . . . - ]m X X )
0 0 X
hence
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2.3. Estimation of the covariance matrix

In practice,)’. must be estimated. Two main methods have been proposed ldsdo t

1. Method based on OLS applied to individual equations.
Given

W=y — XiB;
BZ:(XZ/XZ)ilXZyZ, izl,...,m,

we can compute the estimators



which yields the following estimator of :

by = (X'271X) XSy

ForT large,
by T NG (X'EX)7 ]

2. Iterative procedure.

(a) ¥ is estimated by OLS#, = by ;
(b) we reestimate’’ with the new residuals: this yields

= fBy= (XS7X) XSy (2.3)
(c) we reestimate.’ with the new residuals: this yields
By = By = (X'5:X) X' S5ty (2.4)
(d) and so on up to convergence.

This iterative procedure is equivalent to maximum likebd@nd the resulting estimator
is asymptotically normal.
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