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1. Models with lagged explanatory variables

It is quite common to explain a variable using current and past values of another variable,
as in the following equations:

It = α + β0Vt + β1Vt−1 + β2Vt−2 + · · ·+ βkVt−k + ut (1.1)

whereIt represents investment (t timet) andVt represents sales at timet;

p̂t = α + β0M̂t + β1M̂t−1 + · · ·+ βkM̂t−k + ut (1.2)

wherep̂t is the rate of inflation and̂Mt is the growth rate of a monetary aggregate. If we
suppose that

ut
ind
∼ N

[

0, σ2
]

, t = 1, . . . , T, (1.3)

these equations can be estimated by ordinary least squares.
However, ifk is large, one typically has a large number of strongly collinear explanatory

variables. Restrictions on the coefficientsβi, i = 0, 1, . . . , k, are typically needed to
improve estimation precision. Several approaches have been suggested.

Consider a general equation of the form:

yt = α + β0Xt + β1Xt−1 + . . .+ βkXt−k + ut = α +

k
∑

i=0

β1Xt−i + ut .

(1) Arithmetic progression (I. Fisher, 1937):

βi = (k + 1− i) β , 0 ≤ i ≤ k
= 0 , i > k

(1.4)

yt = α +
k
∑

i=0

βiXt−i + ut

= α +

[

k
∑

i=0

(k + 1− i)Xt−i

]

β + ut , t = 1, . . . , T. (1.5)

(2) InvertedV progression (De Leeuw, 1962):

βi = iβ , 0 ≤ i ≤ k/2

= (k − i) β , k/2 ≤ i ≤ k (1.6)
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yt = α + β





k/2
∑

i=0

Xt−i +
k
∑

(k/2)+1

(k − i)Xt−i



+ ut . (1.7)

(3) Polynomial progression (Almon, 1965):

βi = a0 + a1i+ a2i
2 + · · ·+ ari

r , 0 ≤ r < k . (1.8)

For example, ifr = 2 andk = 3,we get:

yt = β0Xt + β1Xt−1 + β2Xt−2 + β3Xt−3 + ut (1.9)

where

βt = a0 + a1t + a2t
2 ,

β0 = a0 ,

β1 = a0 + a1 + a2 ,

β2 = a0 + 2a1 + 4a2 ,

β3 = a0 + 3a1 + 9a2 ,

hence

yt = a0

(

3
∑

i=0

Xt−i

)

+ a1

[

3
∑

i=0

iXt−i

]

+ a2

[

3
∑

i=0

i2Xt−i

]

. (1.10)

The number of parameters goes from4 to 3.

β−1 = βk+1 = 0 ,

βk+1 = 0 ,

β−1 = 0 .

For example,
β−1 = 0 = a0 − a1 + a2 =⇒ a2 = a1 − a0 . (1.11)

The Almon method produces very regular patterns forβi, but we should not forget this is
due to the imposed restrictions.

One can test whether a lagged variable is present (givenk). If

yt = α +

k
∑

i=0

βiXt−i +

ℓ
∑

j=0

γjZt−j + ut ,

one can assume two different polynomials forβi andγj .
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Another possibility consists in assuming that

βi = αi + γiWt−i

hence

yt = α +

k
∑

i=0

αiXt−i +

k
∑

i=0

γiWt−iXt−i + ut

with two different onαi andγj.
(4) Geometric progression (Koyck, 1954)

yt = α + β

∞
∑

i=0

WiXt−i + ut

where
Wi = (1− λ) λi , 0 < λ < 1, i = 0, 1, . . . (1.12)

This leads to the following model:

yt = α+ β (1− λ)
∞
∑

i=0

λiXt−i + ut

= α+ β (1− λ)

∞
∑

i=0

λiLiXt + ut (1.13)

where the lag operatorL is defined as follows:

LXt = Xt−1 ,

L2Xt = L (LXt) = L (Xt−1) = Xt−2 ,

LnXt = Xt−n .

The model then becomes:

yt = α + β (1− λ)

∞
∑

i=0

(λL)i Xt + ut

= α + β (1− λ)

[

∞
∑

i=0

(λL)i
]

Xt + ut

= α + β (1− λ)
1

1− λL
Xt + ut (1.14)
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hence

(1− λL) yt = (1− λL)α + β (1− λ)Xt + (1− λL) ut

yt − λyt−1 = (1− λ)α + β (1− λ)Xt + ut − λut−1

or

yt = (1− λ)α + λyt−1 + β (1− λ)Xt + (ut − λut−1) t = 2, . . . , T .
↑

Moving average

This provides a considerable reduction of the number of parameters. However there is a
lagged dependent variable on the right-hand side with autocorrelated errors:
Yt−1 is not independent ofut − λut−1.

We may also wish not to impose the geometric scheme on the firstβi coefficients. For
example, if we do this for the first two coefficients, we get:

yt = α + β0Xt + β1Xt−1 + β2

∞
∑

i=2

λiXt−i + ut

= α + β0Xt + β1Xt−1 + β2

λ2

1− λL
Xt−2 + ut (1.15)

or

yt = α (1− λ) + λyt−1 + β0Xt + (β1 − λβ0)Xt−1 + (β2 − λβ1)Xt−2 + ut. (1.16)

Another possibility consists in considering geometric progressions on two explanatory vari-
ables:

yt = α +
β (1− λ)

1− λL
Xt +

γ (1− λ)

1− λL
Zt + ut ,

yt = α (1− λ) + β (1− λ)Xt + γ (1− λ)Zt + (ut − λut−1) .

Other proposed schemes include: Pascal, rational (Jorgenson), Gamma.
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2. Models with lagged dependent variables: economic ex-
amples

2.1. Partial adjustment model (Nerlove, 1958)

Y ∗
t = α + βXt Equilibrium equation (2.1)

Yt − Yt−1 = γ (Y ∗
t − Yt−1) + ut , Adjustmentequation (2.2)

0 < γ ≤ 1

ut
ind
∼ N

[

0, σ2
u

]

Yt = Yt−1 + γ [α + βXt − Yt−1] + ut

Yt = αγ + (1− γ)Yt−1 + γβXt + ut (2.3)

Equation (2.2) can be obtained as the solution a cost minimization problem:

Ct = a (Yt − Y ∗
t ) + b (Yt − Yt−1)

2 , a ≥ 0, b ≥ 0 , a + b 6= 0 .
↑

Disequilibriumcost
↑

Adjustment cost

(2.4)

Differentiating (2.4) with respect toYt, we get:

∂Ct

∂Yt
= 2a (Yt − Y ∗

t ) + 2b (Yt − Yt−1) = 0

=⇒ (a+ b) Yt − aY ∗
t − bYt−1 = 0

(a+ b) Yt − (a + b) Yt−1 + aYt−1 − aY ∗
t = 0

Yt − Yt−1 =
a

a+b
(Y ∗

t − Yt−1)

= γ (Y ∗
t − Yt−1)

0 ≤
a

a+ b
≤ 1.

2.2. Adaptive expectations

Yt = α + βX∗
t + ut, t = 1, . . . , T (2.5)

ut
ind
∼ N

[

0, σ2
u

]
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X∗
t −X∗

t−1 = δ
(

Xt−1 −X∗
t−1

)

Expectation equation (2.6)

0 < δ < 1

X∗
t = expected level ofXt

X∗
t − (1− δ)X∗

t−1 = δXt−1 B = L

[1− (1− δ)B]X∗
t = δXt−1

X∗
t =

δ

1− (1− δ)B
Xt−1

Yt = α+ β
δ

1− (1− δ)B
Xt−1 + ut

[1− (1− δ)B] Yt = [1− (1− δ)B]α + βδXt−1 + [1− (1− δ)B] ut

Yt − (1− δ)Yt−1 = αδ + βδXt−1 + ut − (1− δ) ut−1

Yt = αδ + λYt−1 + βδXt−1 + (ut − λut−1) (2.7)

λ = 1− δ.

3. Estimation of models with lagged dependent variables

Consider an equation of the type:

Yt = β0 + β1Yt−1 + β2Xt
↓

Non-stochastic

+ vt , t = 0, 1, . . . , T,

with three alternative hypotheses on the errors:

(I) vt
ind
∼ N [0, σ2

v]

(II) vt = ut − λut−1

(a) ut
ind
∼ N [0, σ2

u]
(b) ut = ρut−1 + εt

(III) vt = ρvt−1 + εt

(3.1)
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3.1. Hypothesis I

L = P (Y1, . . . , Yt | Y0, X) =
1

(2Πσ2
v)

T/2
exp

{

−
1

2σ2
v

T
∑

t=1

(Yt − β0 − β1Yt−1 − β2Xt)
2

}

MaxL =⇒ Min
T
∑

t=1

(Yt − β0 − β1Yt−1 − β2Xt)
2

→ MCO are valid〈
Consistent
Asymptotically normal, efficient

(Tests and confidence intervals are only approximate).

The problem gets more complicated whenvt andYt−1 are correlated. Consider:

Yt = βYt−1 + vt

vt = ρvt−1 + εt , εt
ind
∼ N

[

0, σ2
ε

]

, |ρ| < 1

β̂ =

∑T
t=1 YtYt−1
∑T

t=2 Y
2
t−1

Yt = βYt−1 + ρvt−1 + εt

vt−1 = Yt−1 − βYt−2

Yt = βYt−1 + ρ (Yt−1 − βYt−2) + εt

= (β + ρ)Yt−1 − βρYt−2 + εt

∑T
t=2 YtYt−1 = (β + ρ)

∑T
t=2 Y

2
t−1 − βρ

∑T
t=2 Yt−1Yt−2 +

∑T
t=1 εtYt−1

β̂ = (β + ρ)− βρ
∑

T

t=2
Yt−1Yt−2

∑

T

t=2
Y 2

t−1

+
∑

T

t=1
εtYt−1

∑

T

t=2
Y 2

t−1

p lim
∑

T

t=1
εtYt−1

∑

T

t=2
Y 2

t−1

= 0

p lim β̂ = (β + ρ)− βρ p lim β̂

p lim β̂ = β+ρ
1+βρ

p lim β̂ − β = ρ
(

1− β2
)

/ (1 + βρ)

The biasp lim β̂ − β can be large whenβ ≃ 0.5 or ρ ≃ 0.5. Similarly, the Durbin-Watson
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test is not valid:

d =
T
∑

t=2

(v̂t − v̂t−1)
2 /

T
∑

t=1

v̂2t

=
1

∑T
t=1 v̂

2
t

[

T
∑

t=2

v̂2t +
T
∑

t=2

v̂2t−1 − 2
T
∑

t=1

v̂tv̂t−1

]

p lim d = 2− 2 p lim

∑T
t=2 v̂tv̂t−1
∑T

t=1 v̂
2
t

r1 =

T
∑

t=2

v̂tv̂t−1/

T
∑

t=1

v̂2t

v̂t = Yt − β̂Yt−1 (if Yt = βYt−1 + vt)

v̂t−1 = Yt−1 − β̂Yt−2.

p lim r1 =
βρ (β + ρ)

1 + βρ
= ρ−

ρ
(

1− β2
)

1 + βρ

=
ρ (1 + βρ)− ρ

(

1− β2
)

1 + βρ
=

βρ2 − ρβ2

1 + βρ

p lim d = 2

[

1−
βρ (β + ρ)

1 + βρ

]

.

If we knew the true errorsvt, we could compute:

d∗ =
T
∑

t=2

(vt − vt−1)
2 /

T
∑

t=1

v2t

=

[

T
∑

t=2

v2t +
T
∑

t=2

v2t−1 − 2
T
∑

t=2

vtvt−1

]

/
T
∑

t=1

v2t

p lim d∗ = 2 (1− ρ)

p lim (d− d∗) =
2ρ
(

1− β2
)

1 + βρ
= 2p lim

(

β̂ − β
)

d is biased upward(NS) .
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A possible solution consists in using Durbin’s test:

r =

T
∑

t=2

v̂tv̂t−1/

T−1
∑

t=1

v̂2t∼ 1−
1

2
d

h = r

√

n

1− nV̂ (b1)

wheren = T − 1 andV̂ (b1) is the estimator of the variance ofb1, andβ1 is the coefficient
deYt−1.Then

h ∼ N [0, 1] underH0.

This test is applicable even ifYt−2, Yt−3, . . . also appear in the equation. The test is not
applicable ifnV̂ (b1) ≥ 1.

In view of then latter fact, an alternative test is based on considering a regression of the
type:

v̂t = γv̂t−1 + other regressors,t = 2, . . . , T.

We then testγ = 0 using a standardt standard, e.g.

v̂t = γv̂t−1 + γ0 + γ1Yt−1 + γ2Xt + et, t = 2, ..., T .

3.2. Hypothesis IIa

vt = ut − λut−1 Koyck scheme

ut
ind
∼ N [0, σ2

n] Adaptive expectations

E (vt) = 0, ∀t
E (v2t ) = σ2

u

(

1 + λ2
)

, ∀t
E [vtvt+s] = −λσ2

u , s = ±1, ∀t
= 0 , pour |s| ≥ 2, ∀t

V = E [v v′] = σ2
u











1 + λ2 −λ 0 . . . 0
−λ 1 + λ2 −λ . . . 0
...

...
...

0 0 0 . . . 1 + λ2











.

In Koyck models or with adaptive expectations, we have:

β1 = λ

Yt = β0 + λYt−1 + β2Xt + vt
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yt = Yt − λYt−1 = β0 + β2Xt + vt

β̂ =
(

X ′V −1X
)−1

X ′V −1y y =







y1
...
yt






.

From a more practical viewpoint,

Wt = Yt − ut

Wt = λWt−1 + β0 + β2Xt

Wt = λ [λWt−2 + β0 + β2Xt−1] + β0 + β2Xt

= λ2Wt−2 + β0 (1 + λ) + β2 (Xt + λXt−1)

Yt = λtW0 + β0

(

1 + λ+ λ2 + . . .+ λt−1
)

+β2(Xt + λXt−1 + λ2Xt−2

+ . . . + λt−1X1) + ut.

W0 is a parameter.

We choose a grid of values ofλ over the admissible interval0 ≤ λ < 1.Then we compute
a linear regression and select the value ofλ which minimizes the residual sum of squares
[Zellner and Geisel (1968)]. This is asymptotically equivalent to applying maximum like-
lihood.

3.3. Hypothesis IIb

vt = ut − λut−1

ut = ρut−1 + εt |ρ| < 1, εt
ind
∼ N

[

0, σ2
]

Yt = β0 + λYt−1 + β2Xt + ut − λut−1

ρYt−1 = ρβ0 + λρYt−2 + β2ρXt−1 + ρut−1 − λρut−2

Yt − ρYt−1 = β0 (1− ρ) + λ [Yt−1 − ρYt−2] + β2 [Xt − ρXt−1] + εt − λεt−1

Yt (ρ) = β0 (1− ρ) + λYt−1 (ρ) + β2Xt (ρ) + εt − λεt−1.

Proceeding as for IIa, we define:

Yt (ρ) = Yt − ρYt−1

Xt (ρ) = Xt − ρXt−1
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Wt (ρ) = Wt − ρWt−1

Yt (β) = λtW0 (ρ) + β0 (1− ρ)
[

1 + λ+ . . .+ λt−1
]

+β2

[

Xt (ρ) + λXt−1 (ρ) + . . .+ λt−1X1 (ρ)
]

+ εt.

We select a grid over

−1 ≤ ρ ≤ 1

0 ≤ λ < 1.

3.4. Hypothesis III

vt = ρvt−1 + εt |ρ| < 1 , εt ∼ N
[

0, σ2
]

Yt = β0 + β1Yt−1 + β2Xt + vt

Yt − ρYt−1 = β0 (1− ρ) + β1 (Yt−1 − ρYt−2) + β2 (Xt − ρXt−1) + εt.

This can be estimated by applying Cochrane-Orcutt or the Hildreth-Lu algorithm. Without
such transformations, least squares estimators would be inconsistent.
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