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1. Modeswith lagged explanatory variables

It is quite common to explain a variable using current and palsies of another variable,
as in the following equations:

It = Oé"—ﬁo‘/;ﬁ"_ﬁl‘/;_l +B2‘/t—2+“'+ﬁk‘/;—k+ut (11)
wherel; represents investment (t timpandV; represents sales at time
Pe=a+ ﬁoMt + BlMt—l +o Tt BkMt—k + Uy (1.2)

wherep, is the rate of inflation and/, is the growth rate of a monetary aggregate. If we
suppose that
w A N[0,6%], t=1,...,T, (1.3)

these equations can be estimated by ordinary least squares.

However, ifk is large, one typically has a large number of strongly cebinexplanatory
variables. Restrictions on the coefficiets: = 0,1, ..., k, are typically needed to
improve estimation precision. Several approaches have figggested.

Consider a general equation of the form:

k
yt:a+50Xt+51Xt—l+~~~+5kXt—k:+utZQ+ZBlXt—i+ut~

=0
(1) Arithmetic progression (I. Fisher, 1937):
(k:+1—z) , 0<i<k
P (1.4)
k
Yo = Z B Xt + uy
=0
k
= Zl{;Jrl—thl B4u , t=1,...,T. (1.5)
=0
(2) InvertedV progression (De Leeuw, 1962):
= (k—9)f , k/2<i<k (1.6)



k/2

Y=o+ Zth‘l' Z — 1) Xy | +ue. (1.7)

(k/2)+1

(3) Polynomial progression (Almon, 1965):
B; = ag + ayi + agi® + - -+ a,i” 0<r<k. (1.8)

For example, if- = 2 andk = 3,we get:

Y = Bo Xy + 01 X1 + B X0 + B3 X3 + 1wy (1.9)
where
ﬁt = Q + Cllt + a2t2 s
50 = Qo,
ﬁl = a0+a1+a2,
52 = a0+2a1—|—4a2,
53 = a0+3a1—|—9a2,
hence
3 3 3
Yy = Qo (Z Xt—i) + aq ZiXt—i + as Zith—i] . (110)
=0 =0 =0
The number of parameters goes frdrto 3.
ﬁ_1 = 5k+1 = 07
5k+1 =0
6—1 =0.
For example,
5_1:O:a0—a1—|—a2:>a2:a1—a0. (111)

The Almon method produces very regular patternsfebut we should not forget this is
due to the imposed restrictions.
One can test whether a lagged variable is present (diy.elh

k ¢
Yy =a+ Z BiXi—i+ Z Vi Zt—j + Ut
i=0 =0

one can assume two different polynomials forand-y; .



Another possibility consists in assuming that
Bi =i + ;Wi

hence

k k
Y=o+ Z a; Xy i + Z YiWiiXi—i + uy

=0 =0
with two different ona; and-y;.
(4) Geometric progression (Koyck, 1954)

y=a+BY WXy i+u

1=0
where

Wi=(1-XM)XN,0<A<1,i=0,1,...

This leads to the following model:
Yy = a+B(1-\ Z)\Xt P

= a+p(1-\ Z)\ZLZXt—Fut

=0

where the lag operatdr is defined as follows:

LXy = Xi,
L2Xt = L (LXt) = L (Xt—l) == Xt_g y
L'X, = X,.,.

The model then becomes:

o0

g = a+B(1-N)Y AL Xi+u

=0
= a+4(1-=2A [Z |X
=0

(1.12)

(1.13)

(1.14)



hence

Yy—Aym1 = (1=Na+81—=N)X,+u — Ay

or

yt:(l—)\)a+)\yt—1+ﬁ(1—)\)Xt + (Ut—)\ut_l) t:2,,T
t

Moving average

This provides a considerable reduction of the number ofrpatars. However there is a
lagged dependent variable on the right-hand side with antelated errors:
Y;_1 is not independent af; — \u;_;.

We may also wish not to impose the geometric scheme on thesficsiefficients. For
example, if we do this for the first two coefficients, we get:

Yy = a+ B Xe+ 8, X1 + By Z NX; o +
i=2
2

A
= o + ﬁoXt + ﬁlXt—l "‘ 52th_2 + Ut (115)

or
Y =a (1= X) + Ay + B Xy + (B — ABo) Xyt + (B2 — ABy) Xe—2 +up. (1.16)

Another possibility consists in considering geometrioggassions on two explanatory vari-
ables:

_ B—A) T -A)

S VAR TV

Y = a(l—)\)+6(1—)\)Xt+7(1—)\)Zt—|—(ut—)\ut_l) .

Zt—i-ut,

Other proposed schemes include: Pascal, rational (JaggrGamma.



2. Modelswith lagged dependent variables: economic ex-
amples

2.1. Partial adjustment model (Nerlove, 1958)

V) =a+ X, Equilibrium equation (2.1)
Yi—Yi 1=~ = Y1) +uy, Adjustmentequation (2.2)
0<y<1

Uy N [O,Ui]

Vi = Yia+vla+ Xy —Yia] +w
Vi = ay+(1=7)Yimr +98X +w (2.3)
Equation (2.2) can be obtained as the solution a cost miatnoiz problem:
Co=  a¥;-Y}) + b(Y;=Y1)® ., a>0,0>0 , a+b#0.

T (2.4)
Disequilibriumcos

Adjustment cost

Differentiating (2.4) with respect tb;, we get:

= 0 (Y- )+ 2%~ ¥ ) =0

= (a+b)Y,—aY=bY; 1 =0
(a+b)Y,—(a+b) Y1 +aY,y —aY} =
Vi—=Yi =50 —Y)
=y (Y = Y1)

a

<
0_a+b

< 1.
2.2. Adaptive expectations
Yi = a+pX +u, t=1,...,T (2.5)

ind

u N (0,02



X, —X" = §6(Xem — X)) Expectation equation (2.6)

0 < d<1
X; = expected level of;
X —(1-0) X, = 6X,4 B=1L
1-(1-0)B] X! = 6X,
. 0
M Ao
)

Y, = 05+5th—1+1%

1—(1-0)B]Y, = [1—(1—8)Bla+86X,_1+[1—(1—6) Blu

Y; — (1 — (S) }/;_1 = Oé(S‘i‘ﬁ(SXt_l + U — (1 — 5) Ut—1

Y, = ad+ Ao+ B0Xe1 + (ur — Auy—q) (2.7)
A= 1-6
3. Estimation of modelswith lagged dependent variables
Consider an equation of the type:

Vi=Bo+0Yi1+ BoXy + v, t=0,1,..., T,
1

Non-stochastic

with three alternative hypotheses on the errors:
v N[,
(”) V¢ = Ut — )\Ut_l
(a) w ™ N0,0% (3.1)
(b) U = PU—1 + &

() v = pv_1 + &



3.1. Hypothesisi

T
po S (% B1Yi1 — BoX1) }

t=1

1
L = P(Yl,...,YtlYo,X)—W {

T
Mar L = Min» (Y, — By — BYio1 — B, X))
t=1
Consistent
Asymptotically normal, efficient

(Tests and confidence intervals are only approximate).

—  MCO are valid(

The problem gets more complicated wherandY;_; are correlated. Consider:

Y, =pBY 1+

vy = pu_1 + &, Z"T\LJdN[OO’}, lp| < 1
5o Sl Y
Y Vi

Y, =8Y, 1+ pv—1 + &
Vo1 =Y — BY
Y, =BY1 +p (Vi1 — BY o) + &
=(B+p)Yie1 — BpYio + &

Zt o YiYio 1—(B+P)Zt 2 Y2 ﬁpzt o Yi1Yi- 2+Zt 1 EtYi1

no_ Zt 2Yt 1Yi—2 S ey
/6_(/8+p) /Bp Yth + Zz"2yt21

23:1 Eth,1 . 0
== =
Zt:Q Yt{l

plim
plim 3 = (B + p) — Bp plim 3

plimB—pB=p(1—p°)/(1+8p)
The biagplim 3 — 3 can be large whep ~ 0.5 or p ~ 0.5. Similarly, the Durbin-Watson



test is not valid:

T T
d = Z(@t—@t_l) /ZAtZ
t=2 t=1
1 T T T
R 25 JL TR o
t=1 "1 t=2 =2 p—y
T .
plimd = 2—2plim Zt:%Ut?;—l
Zt:l Uy
T T
mn = Z r&t@t—l/ Z r&?
t=2 t=1
i\)t = }/;f - /BY;—l (lf Y; e /BY;—I _I_ ,Ut)

Bp(B+p) p(1-5%)

PR T T g
o 48p)—p (1 =52 Bp*—pB?
B 1+ 8p - 1+6p
. B Bp(B+p)
plimd = 2[1—W}.

If we knew the true errors;, we could compute:

dr = Z(Ut—vt—l)Z/va

plimd® =

d is biased upwardN.S) .



A possible solution consists in using Durbin’s test:

T
ro= ) b 1/Z ~1——d
t=2
ho= #
l—nV(bl)

wheren = T — 1 andV (b,) is the estimator of the variance of, and3, is the coefficient
deY,_;.Then
h ~ N[0, 1] underH,.

This test is applicable even ¥;_,, Y; 5, ... also appear in the equation. The test is not
applicable ifnV (b;) > 1.
In view of then latter fact, an alternative test is based arsmtering a regression of the
type:
0y = y0;_1 + otherregressorg,=2, ..., T.

We then testy = 0 using a standartistandard, e.g.

U =701+ 7+ Y1 X ten t=2,.,T.
3.2. Hypothesislla

Vg = Up — AUp_q Koyck scheme

md

~ N[0,02]  Adaptive expectations

E(vn) = 0,Vt
E@}) = o2 (1 +A%), Vit
Elvwis] = —Ao2,s==41,Vt
= 0, pour |s| > 2, %

1+X =2 0 ... 0
O B i SEPRR )
V=FE[v] =0} , , ,
0 0 0 ... 14\
In Koyck models or with adaptive expectations, we have:

B = A
Y, = ﬁo‘i‘)\}/}—l"‘ﬁth‘i‘Ut



Yy = Y, =AY, :50+52Xt+vt
Y1
Bo= (XVIX)'XVTy oy=|
Yt

From a more practical viewpoint,

W, = Yi—w

Wt = )\Wt—l + 60 + ﬁth

Wy = XNAWi_g + By + BoXio1] + By + B2Xi

= NWig+ Bo (14+A) 4 By (X; + AX_1)

YV, = MWo+By(L4+A+ N+ + A7)
+Bo( Xy + AXy 1 + XX, o
+ o FATEX) 4w
W, is a parameter.

We choose a grid of values afover the admissible interval < \ < 1.Then we compute

a linear regression and select the value\ efhich minimizes the residual sum of squares
[Zellner and Geisel (1968)]. This is asymptotically equévd to applying maximum like-
lihood.

3.3. Hypothesisilb

V¢ — U — )\ut—l
ind )
U = pPu—1 + & lp| <1, g~ N [070 }
Y, = Bo+ AV + B Xy +up — Ay
pYioi = pBy+ ApYi—a + Bap X1 + pus_1 — Apuy_g
Yi—pYi1 = By (1—=p)+A [Kk—l - PYQ—2] + By [Xt - pXt—l] +er — A&

Yi(p) = Bo(1—p)+AYi1(p) + BoXi (p) + &0 — A&y
Proceeding as for lla, we define:
Yi(p) = Yi—pYi
Xy (p) = Xi—pXi

10



Wi (,0) = Wiy—pWi

Y, (B) = AMWo(p)+Bo(1—p) [T+ A+...+ 1]
+8, [Xt (p) + XX 1 (p) + ...+ A71X, (p)} + &4

We select a grid over

p<1
A <1.

IA A

3.4. Hypothesislil|

v = pu_1+e |pl<l , e~N [0,02}
Y, = Bo +B1Y;t—1 +ﬁ2Xt + v
Yi—pYier = Bo(1—p)+ By (Yier — pYioa) + By (Xy — pXio1) + &4

This can be estimated by applying Cochrane-Orcultt or theretlih-Lu algorithm. Without
such transformations, least squares estimators wouldcoasnstent.
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