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THE ENUMERATION OF THE LATIN RECTANGLE OF
DEPTH THREE BY MEANS OF A DIFFERENCE
EQUATION

By

S. M. KErAwara

{Communicated by the Secretary)

1. Introduction :

MacMohon? first gave an opei-ational formula
for the number of permutations of any number of non-clashing rows,
each row consisting of the same totality of n letters, each letter differing
from all the rest. Jacob 2 has supplied reduction formulae for three
non-clashing rows, but he remarks that he could not obtain one single
recurrence relation for the enumeration. Besides, Jacob’s fundamental
recurrence formula contains an error, which has vitiated the tableg
given at the end of his work and deflected him from probably a correct
conjecture as to the limit of the ratio of the enumeration to nl2,
J In this paper I follow closely the method of Jacob, derive a difference
equation for the enumeration which Jacob did not, compile fresh

tables for values of n up to 15 and justify the conjecture which Jacob : v
abandoned.

- ——

2. pn will denote the enumeration of the Latin rectangle of depth
three. The nature of letters in u, is as shown below :

Ay, Ay Age.. A,
B], B2, B3, ......... B'l
C;, Cy Cgpennnn., C,.

For a permutation to be non-clashing, any one letter of A can
appear with any one of (n —1) lelters of B and any one of (n—2) letters
of C.  \We have, therefore, that

1 }ln=(""1)(n—2)°((n—1>, (Y

where &, is the cnumeration of the non-clashing permutations with
the letters
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the letters in different colunms being identical only if their numerical
suffizes are identical. Further 3, will denote (he non-clashing
enumerations with the distribution

Ay Ag Ag
By, Bay B
Cl' C('“l)t ("‘3'

ya the non-clashing enumerations with the distribution

A, Ag As
B,, By  Bs,
CO' C(ﬂ+1)7 CS’

8, the non-clashing enumerabions with the distribution

Al' AQ’ AS!
B,, Ba, Bj,
Co. Cor U

and fnally €, the non-claghing enumerations with the distnbution

All AQ! AARI
BO: B21 B31
Cinern Gﬁ- C31

Considering now the value of a,, obviously %n=n—(all the cases
in which By and Ccns 1) appear together in B.)- ’

1t By, Cias1y 20d A, turn up together, S(n_y) CBSES are possible;
it Bg, Ciaspy 8nd Ap furn up together, 3(n—1) MOre Cases result; and
if By, Ciasn and any of the remaining (n—2) letters of A appear
together, (n—2)x j, further cases are obtained. Thus

o(,,:B,,——28(,1_1,—(71,-—2)0((,,_,). I V)

(onsidering the value of 8y, it is evident that 8, =pn+ the number
 of cases in which A, appears with Co+ the number of cases in which
B, appears with Co. These last are 2(n— 1)8-1) in number. Hence

8a= g+ 20— Dda-1>- NG

The value of , is made up of the following different cases:
when
(@) Ay Bo. Cinv1) 80 togoiher, yielding pea—1) CSES.

(b) No twoof Ay, Bo Ciy.1) occur together, giving pg cases.
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(¢) Oaly two of Ay, By, C.py appear together, giving
8(n~1)8n—y, cases.

Hence t‘n“—‘}ln+F(n—|)+3(”—1)3(n—1)- oo (4)

Again, 8, is composed entirely of the following different cases:

(@) A, By, Cnsy turn up together, giving 8(a—1) cases.

() A, By and any one of the (n—2) C’s other than C,; and
Cens 1y OCcUT bogether, resulting in (n—2)y(n-1) Cases.

(c) Cj, B, and any one of the (n—2) A’s other than A; and Ag
come together, yielding (n —2)B(n—1) Cases.

(d) C,, By and Ay occur together, giving rise o €w-, cases.

(&) No two of Ay, By, Gy oceur together, giving 3, cases.
Thus Bn:—‘gn+S(ﬂ_])+€(n_”+(11—2)6(7,_1) {‘(n—'g)')’(n_]). (5)

Tinally, ya is composed of all the non-clashing permuta-tions
possible when

(@) Cgq By, Ag come together, giving ecn—1) CaSCS.

(b) C,, By and any one of the (n —2) A’s other than A; and Ag
appear togethé'r, giving (n —2)B 1) cases.

(¢) Co, A, and B, appear together, giving ec,—y) cases.

(d) Cq, A, and any one of the (n—2) A’s other than B and By
appear together, giving rise to (n—2)Bn—1) cases,

(¢) Notwoof Ay, By, C, come together, giving 8, cases.

Yo =8y + 261y + 20— 2)Ba-1)-
Multiplying (2) by (n~1) and using (1),

(n—1)(Bn— *n) =2(n— 1)8n-1y+ Mn
is cbtained. With the help of (3), this becomes

b= (n—1)(Bu—%a):
Substituting for B, {rom (2) in (5), we get
G =8 —8(ae1) T Er=1) T (”—2)(/3("—1)+Y(n—1)"0‘(n—1))-
Substituting for 8¢a-y) from (7), we geb
G =0n + -1t (0= 2)Y(n-1- o (8)

1 <hall cousider now only the equations (1), (8), (3), (4), (6) and
(7). These are six simultaneous difference equations for the six
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unknowns ®u, Ba, Yur Ons €x and g, Five of the cquations are first
order equations and one is a zero order equation. If all the unknowns
except un be eliminated we should expect to get a fifth order difference
equation.

From (1)

e 5= +4) (0 +3)%kn 1 40
With the help of (8), this becomes
Benssy=Mm+4)n+ 3) [Btasay Femrar+ (M ycnip ]
Using (€), this becomes
Iltn;5)= m+4)(n+8)[8pnsptement n+2)8 s +2(n+2e@man

+2n+2)(n+1)Bms o]

Using (7), this assumes the form

~

}.l(,u_:)): (‘ll + 4)(71 + 3)[8@4.4) + €(n+3) + (n + 2)8(,“,3)4‘ 2(71 + 2)6(,,*2)

+ Q(n + 2) (n + 1)“(9, +2) + 2(71 + 2)8(,, 4.2)] .

Using (1) and (4), this reduces to
,u<n+5)=(ﬂ+4)(”+ 3)[8n+ it (n+2)8neay+5(+2)8nr2)

+6("+1)\/"+2)3(n+1)‘*‘3}‘(n+3)+(2“+5)ﬂ(n+9)+2(n+2)#<n+1)- .
: 9
If now in (9) the p’s be replaced by 8's with the help of (3), we

have on simplifying

Snes= (n+ 5)(n + 4+t (n +5)(n+ 4)(n+ 3)o(n-a) T (n+ 4)(n+ 3)280”2)

+2m+4)n+ 3)(n2 +3n+3)dn +1,7—4(71 +4)(n+3)(n+2)ms,.

’ .. (10)

Equaticn (10) corresponds to equation (1.12) in Jacob’s work.

There is an error in this result of Jacob. Tor the last term of Jacob’s
equation translated into the notation of this paper is

-

—d4n+4)(n+3)n+ 2)(n+1)nd,,

wheress the last term of equation (10) is

—4(n +4)(n+3)n+2)nd,.

1t is this error which bas vitiated Jacob’s results on pages 336-3317.
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~

} With the help of (7), (9) becomes
. , #(n+5>=(71+3)(”+4)[f‘(n+4)—l1('n+3>“(7" + 1)#(w+2>+2(”+2).ﬂ(n+|)]
! . +3(n+4)2(n+38)8,,3).

We have thus the value of § in terms of u. Substituting these °
in (3), we have immediately on simplification

1+ 8)peneny= (0 +4) (2 481+ 1T g gy + (04 8) 1 +4) (02 + 81 +1T)p(n s 5

[ +(n+38)(n+4)(n?+8n+18)ui. g+ 2(n +2)(n +3)(n +4)

i - x (2451 +8)uen.y —4(n + 1) (n +2)(n + 8)(n + 4)2u,.
(11)

This is, therefore, the fifth order differcnce equation looked for,
which, though quite simple to derive, Jacob could not achieve.

-

T'he problem thus reduces to solving the difference equation (11)
being given that u; =0, pe=0, p3=2, p,=24 and u,;=552, these
latter values being derived from elementary considerations of non-
clashing permhtations possible when n=1, 2, 8, 4, 5. T could not
bring the equation (11) to any of the standard types considered by
Milne-Thompson in his Calculus of Finite Differences. However,
I'bave caleulated the values of p, for values of n up to 15, and of the

ellied enumerations for values of n upto 10, and the results are given
in Tables I and II,

-

To find values of n”& for n>>15, we substitute v, = ’11"2 in (11)
n

and obtain

_(m+4)n?+8n+17) (n%+8n+17)
nr= (n+3)(n+5)2 v("'“+(n+4)(n+5) Ve 3)

(n2+8n+18) » N 2(n? +5n+3) »
n+3)2m+4)n+52 " m+2n+3)2m+d)n+b)2 D

4
T m+m s mrs) "

(12)

The volumes of v caleulated from (12) are given in Table IIT,
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RATION OF LATIN RECTANGLE OF D
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TarLe 111

1.6 384 014
046 777 073
"045 948 245 '
“047 101 050
"047 288 276
*047 362 192
‘047 474 638
‘047 577 122
"047 670 925

047 757 096

With the help of equation (12) and the tables given above, it can
be readily shown that for n>7,

- 1
vn«vm—n[l +mJ-

It follows that for s>7

c(n=1)

ra<lv, J1L §1+(—~1-——§.

re r—=1)r

Again it is possible to show that for n>19,

1 _ 2
v,,>v(u-l)[1 +(n -)n-2) (@m+ 1)"j|

trom which it follows that for every s=>19

= s

I 141 2 14
v">'ﬂ,‘r +G'—-—1_)1' —r—m . .o ( )

Thus the sequence v, is monctonic and bounded and must there-
fore tend to some limit 1 such that for every £219

iy B [t e B ey Jmsr, T
L T T
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Teking s=25, we have from (13)

z 1
l<log vy, S -
log 1 < log L2J+Q% =D

6805
=] s == =
0g vyy+ 41479 122431993

1<C"0497884,-
Again, from (14), we have that

1 1 g 1

log I>>1 s Y
04 >Og v25+r=295 1‘(1‘——1) : 2,.225 7‘2(1'—1)2

b 2 2 1 2dz
+ _— log vos+ — — = o
r"225 r(r—l)(r+2)4> 09 Vs T 7-225 r2 £4(m+2)4

0 a
2dx 95 1 2
; =log vy, — 040810664 —
L,(“?)“ LSRN TE I 26364 T 71744585

from which [ >"0497865,

Now the value of el3= 04978712

Thus the values of both I and 515 correct to five places of decimals
are the same, viz., "04979. Tt s, therefore, bighly probable that the
conjecture l=e£3 which Jacob discarded is correct.

DEPARTMENT OF MATHLMATICS,

MusList UNIveRsITY,
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