LLecTtHapguaTtbin TypHup, 1994-1995
OceHHuN TYp

8-9 knacchbl

TpeHUPOBOYHbLIN BapuaHT

(8-9 kn., 16, oceHb)
(MImoz nodsodumcs no mpém 3adayam, Mo KomopbimM A0CMuUHy bl Hausay4Ywue pesyibmamsai)

3apava 1.(3)

Bo Bpemsa 6ana kaxablil oHOLLA TaHLieBan BanbC ¢ AEBYLUKOW B0 Gonee KpacuBoii, YeM Ha NpeablayLlem
TaHuUe, Nnbo Gonee yMHOWM, a 0OWH - C AeBYLUKO OAHOBpeMeHHO Goree kpacuBon 1 6onee ymHoi. Morno nu
Takoe ObITb? (FOHOLWeN 1 aeByLlek Ha 6any GbIno NOPOBHY.)

A.A. Kanenb-bernos

3apaua 2.(3)

Ha nnockoctu aaHbl ABE OKPY>KHOCTM OHa BHYTpU Apyron. MNoctponTs Takyto Touky O, 4TO 0fHa OKPYXHOCTb
nosny4yaeTcs 13 Apyro roMoTeTnen 0oTHocUTeENbHO ToukM O (OpyrMMmM crioBamu - YTOGbI pacTsiKEHUE MIOCKOCTH
oT To4kun O C HEKOTOPLIM KOAPPULMEHTOM NEPEBOANIO OOHY OKPY>KHOCTbL B APYrYH0).

®DornbKop

3apaua 3.(5)

Hangute kakme-HMOyab NATb HaTyparbHbIX YUCEr, Ppa3HOCTb JOObIX ABYX U3 KOTOPbLIX paBHa HanborbLLemMy
obLemy AenuTento 3Tow Napbl Ynucern.
C.U. Tokapes

3apaya 4.(5)

B lMNMpocToKBalLMHCKOW Ha4YanbHOM Wwkore yuntcst Bcero 20 geteit. Y niobbix ABYX U3 HUX €CTb OOLWMIA aea.
[okaxunTe, 4TO y OAHOro U3 AeO0B B 3TON LLKOSE Y4MTCA He MeHee 14 BHYKOB U BHYYEK.

A.B. lllanosaros

OcHoBHOM BapuaHT

(8-9 kn., 16, oceHb, 23.11.1994)
(MImoz nodsodumcs no mpém 3adayam, Mo KomopbimM A0CMU2HyMbl Hausay4Huwue pesyibmamsai)

3apava 1.(3)

B awwkax nexart opexu. N3BecTHO, 4TO B cpeaHeM B kaxaom aiwmke 10 opexoB, a cpegHee apudgmeTtmyeckoe
KBagpaToB YMcen opexos B sAwukax meHsLue 1000.

HokaxwuTe, 4To No kpanHen mepe 10% ALIMKOB He nycTble.

A.A. KaHernb-beros

3apava 2.(4)

Ha nnockoctu gaH kBagpat 8*8, pa3duTbiin Ha kneToudkn 1*1. Ero nokpbIBaOT NPSMOYrofibHbIMM
paBHOGeapPEHHBIMU TPEYToNbHUKaMK (4Ba TPEYrofibHUKa 3aKpbiBaloT OaHY KneTky). MmeeTtcs 64 yepHbIx 1 64
6enbIx TpeyronbHuka. PaccMmatpuBaloTcs "npaBunbHbIE" NOKPLITUSA - Takue, Y4TO Nobble ABa TPEYronbHWKa,
nmetoLLme obLLy CTOPOHY, pasHoro upeta. CKOSMbKO CyLLECTBYET NpaBuibHbIX MOKPbITUA?

H.B. Bacurnes

3apaua 3.(4)
B3anMHo nepneHaukynspHble npsiMbie | 1 m nepecekatoTcst B ToUke P OKpYXXHOCTM Tak, YTO OHW pa3busaioT
OKPYXXHOCTb Ha Tpu gyrn. OTMETUM Ha Kaxaow Ayre TOYKy Takylo, YTO NpOoBeAeHHas Yyepes Heé KacaTenbHas K



OKPY>XHOCTU nepecekaeTca ¢ npAMbIMU lmms TOYKaXx, paBHOOTCTOALLNX OT TOYKN KaCaHUA.
}J,oxa»(me, YTO TPU OTMEYEHHbl€ TOYKN ABNATCA BepllMHaM paBHOCTOPOHHEro TpeyrosibHuUKa.
E. lNpxesanbckul

3apava 4.

Mo>xHo nn n3 nocneposaTensHocTn 1, 1/2, 1/3, ... BbIOpaTh (CoXpaHsst NOPSIAOK)

a)(3) cTo uucen,

6)(2) 6eckoHe4vHyt noanocneaoBaTernlbHOCTbL YMCen,

13 KOTOPbIX K&XA0€, HaYnHas C TPeTbero, paBHO Pa3HOCTM ABYX NPeAbIayLWNX (axk=ak-2-ak-1)?
C. Tokapes

3apava 5.(6)

Mepuoabl AByx nocnegoBartenbHocTen - 7 1 13. KakoBa MakcumanbHasa AnvHa HavanbHOro Kycka, KOTopbIi
MOXET y HuUx coBnagatb? (lNepuog nocnenoBaTenbHOCTH {an} - 3TO HAMMEHbLLEE HaTyparnbHOE YMCNOo P, Takoe
4YTO ANA N6Oro HoMepa N BbINOMHAETCA PABEHCTBO @n=an+p)-

A. Kanenb-bernos

3apava 6.(6)

CymMma LLEeCTbIX CTEeMNeHen LWEeCTH Lenbix Yucen Ha eamHuuy bonblue, Yem UX ylecTepEHHoe NpounsBeaeHme.
[lokaxunTe, 4TO OAHO U3 YMCEeN PaBHO eAMHMLE NN MUHYC €AMHULE, a OCTamnbHbIE - HYNW.

J1. KypnsiHd4uk

3apauya 7.(9)

durypa ® npeacrtaenset cobow nepecedeHne N kpyros (paguycel He 06s3aTenbHO oaMHakoBbl). Kakoe
MaKC/MMarbHOE YMCIO KPUBOMNMHENHBIX "CTOPOH" MOXeT nmeTb durypa ®? (KpuBonmHenHas CTOPOH - 3TO
yyacTok rpaHuvubl @, npuHagnexalumin OaHON N3 OKPY>KHOCTEN N OrpaHNYEHHbIN TOYKaMu nepeceveHnst ¢ ApyruMmu
OKPYXXHOCTSIMM. )

H. Bpodckuli

10-11 knacchol

TpeHUPOBOYHbLIN BapuaHT

(10-11 kn., 16, oceHb)
(MImoz nodsodumcs no mpém 3adayam, o KomopbiM A0CMuUHyMbl Hausay4Ywue pesyibmamsai)

3apava 1.(3)

Bo Bpems 6ana kaxabli loHOLWa TaHLeBar Banbc ¢ AeBYyLUKOM NMGo Gonee KpacuBoni, YeM Ha NpeablayLem
TaHue, nmbo 6onee ymMHOW, HO 6ONbLUNMHCTBO (HEe MeHbLue 80 NPOLEHTOB) - C AEBYLLKOW OAHOBPEMEHHO bonee
Kpacusou 1 6onee ymHon. Morno nu takoe 6biTb? (KOHoLel 1 aeByLiek Ha 6any Obino NopoBHY.)

A.A. KaHernb-bernos

3apava 2.(4)

HokaxuTe, 4To 13 WecTn pebep TeTpasgpa MOXHO CMOXWTb ABa TPeyrosibHuKa.
B.B. lpou3ssorios

3apaua 3.(4)

MycTb a, b, ¢, d - BewecTBeHHbIE YNCNaA, TaKME YTO a’+b>+c+d’=a+b+c+d=0.
}J,oxa»(me, YTO CyMMa KakKnx-TO ABYX U3 3TUX YUCEN paBHa HYIO.

J1.4. KypnsHO4uk

3apava 4.(5)

Monocka 1*10 pa3buTta Ha eanHUYHbIE KBagpaTbl. B kBagpatel 3anuckiBatoT ymcna 1, 2, ..., 10. CHavana B oguH
Kakon-HMbyab KBagpaT NULWYT Yncno 1, 3aTemM Yncro 2 3anncbiBaloT B OQMH U3 COCeAHUX KBAApaToB, 3aTem
4ncno 3 - B OOMH U3 COCEAHUX C YXKe 3aHATbIMK U T. 4. (NPOMN3BOSbHLIMY SIBAAOTCS BIOOP NepBoro kBagparta u
BblGOp cocefa Ha kaxaom wary). CKonbkumu crnocobamm 3To MOXHO npoaenaTb?

A. llleHb



OcHoBHOM BapuaHT

(10-11 kn., 16, oceHb, 23.10.1994)
(MImoz nodsodumcs no mpém 3adayam, o KomopbimM A0CMuUHymMbl Hausay4Ywue pesyibmamai)

3apava 1.(3)

KoadhdpmumeHTbl KBagpaTHOro ypaBHEHMUS x2+px+q=0 n3MeHuUnun He GonbLue, 4em Ha 0,001. MoxeT nun GonbLunin
KOpEHb YpaBHEHUSI U3MEHUTLCA BonbLue, Yem Ha 10007

®DornbKop

3apava 2.

MokaxuTe, kak pa3buTb NPOCTPAHCTBO

a)(2) Ha oguHakoBble TeTpasapbl,

6)(2) Ha ognHaKoBble paBHOrpaHHblE TETpasaphbI

(TeTpasap HasbiBaeTCH paBHOrpaHHbLIM, ECINN BCE €r0 rPaHu - paBHblE TPEYroNbHUKK).
H. B6. Bacurnbes

3apava 3.(4)

B tpeyronbHuk ABC BrimcaHa okpyxHoCTb ¢ ueHTpoM O. Megnana AD nepecekaeT eé B Toukax X n Y.
Hangute yron /[ XOY, ecnn AC=AB+AD.

A. ®edomos

3apaya 4.(5)

}J,oxa»(me, 4yTO ANnga J'IP06I:IX NoNnoXunTenbHbIX Ynucen ay, ..., ap cnpaseanMBo HepaBeHCTBO
(1+(ar/az)) (1+(a2%/as)) ... (1+(an?far)) > (1+aq) (1+ay) ... (1+an)

J1.4. KypnsHO4uk

3apava 5.(6)

Mepvoapbl AByX NocrnegoBaTensHOCTEN - M M N - B3aMHO NpocThle yncna. KakoBa MakcrmanbHas anvHa
HayanbHOro Kycka, KOTOpbIii MOXET Y HUX coBnagatb?

(Mepvog nocnegoBaTenbHOCTM {aj} - 9TO HaMMeHbLLEE HaTyparibHOE YMCIO P, Takoe YTo Ans noboro Homepa k
BbINOMHAETCH PABEHCTBO ak=ak+p.)

A.A KaHenb-beros

3apava 6.(7)

PaccmaTpuBaeTcst nocnenoBaTenbHOCTb, N-bIi YiieH KOTOPOM ecTb Nepsas Lumdpa umcna 2.

[okaxuTe, 4TO KONMMYECTBO pasnu4yHbIX "cnoB" anuHbl 13 - Habopos 13 13 noapsa naywmx undp - paeHo 57.
A. Kanenb-bernos

3apaua 7.(8)

durypa ® npeacraBnseT coboi nepeceyeHne n Kpyros (paguycbl He obs3aTensHO oanHakoBbl). Kakoe
MaKCHMMarbHOE YMCIO KPUBOMNMHENHbIX "CTOPOH" MOXeET nmeTb durypa ®? (KpusonvHenHas ctopoHa - 310
yyacTok rpaHuvubl @, npuHagnexalumin OaHON N3 OKPY>KHOCTEN N OrpaHNYEHHbIN TOYKaMu nepeceveHnst ¢ ApyruMmu
OKPYXXHOCTSIMM. )

H. Bpodckuli

BeceHHun Typ

8-9 knacc
TpeHUPOBOYHbLIN BapuaHT

(8-9 kn., 16, BecHa)
(MImoz nodsodumcs no mpém 3adayam, o KomopbiM A0CMuUHyMbl Hausay4Ywue pesyibmamsai)



3apava 1.(3)

Y kaccupa 6bino 30 moHert: 10, 15 1 20 koneek Ha cymmy 5 pybnei.

HokaxuTe, 4To 20-KONeeyHbIX MOHET Y Hero 6bino Gonblue, Yem 10-KoneeyHbIX.
®DornbKop

3apaua 2.(3)

Tpw Ky3HeuMKa cuasitT Ha NPAMON Tak, YTO ABa KpanHMX OTCTOAT HA 1 M OT cpeaHero. Kaxxayo cekyHay OauH U3
KY3HEUYMKOB MpbIraeT Yepes Apyroro B CUMMETPUYHYIO TOYKY (ecnu A npbiraet Yyepes B B Touky A¢, To AB=BA+).
Uepes HEKOTOPOE BPEMS KY3HEUMKM OKa3anuecb Ha TEX XXe MecTax, YTo M BHayasne, HO B ApYroM nopsake.
[okaxunTe, 4TO NOMEHSANNCh MECTaMU KpanHNe Ky3HEUYNKN.

A. Kosarnbdxu

3apaua 3.(4)

M3BecTHO, 4YTO BepLUMHbI KBagpata T1 npuHaanexat npsimMbiM, cogepKallm CTOpPOHbI kBagpaTa T2, a BNucaHHas
OKPYXXHOCTb KBagpaTta T1 coBnagaeT C ONMCaHHON OKPYXXHOCTbIO KBagpara To.

Hawgute yrnbl BOCbMUyronbHyKa, 06pa3oBaHHOro BepLUMHaMM KBagpaTa T2 1 TOUKaMmM KacaHWsl OKPYXXKHOCTM CO
cTopoHamu kBagpata T4, U BENWUYUHBI AT, Ha KOTOPble BEPLUMHbI BOCbMWUYTOSbHUKA AENAT OKPY>KHOCTb.

C. Mapkenos

3agaua 4.

Hoxkaxure, yro 4ucao 40...09 - He moIHbIN KBaApaT (IIPH JI0O00M YUCIe HYJIeH, HAUMHASA
cl).
B. Cenoepos

OcHoBHOM BapuaHT

(8-9 kn., 16, BecHa, 12.03.1995)
(MImoza nodsodumcs no mpém 3adayam, N0 KOmopbiM O0CMU2HYMbl Hausly4wue pe3dyrnbmamsbl; O4YKU 3a MyHKMbI
00HoU 3adayu cymmupyromcsi)

3apava 1.(4)

[okaxuTe, 4TO ecnu a, b, ¢ - uenoble Yncna, n, KPome Toro,

(a/b) + (b/c) + (c/a) n (alc) + (c/b) + (b/a) - Takke uenbie yicna, 1o |al=|b|=|c|.
A. MNpubarko

3apava 2.(4)

Mpsamas otpesaeT ot npasunbHoro 10-yronsHuka ABCDEFGHIJ co ctopoHoin 1 TpeyronbHuk PAQ, B KOTOpOM
PA+AQ=1.

HarnguTte cymmy yrnos, nog kotopbiMy BuaeH otpesok PQ ns sepwun B, C, D, E, F, G, H, |, J.

B. lNpoussorios

3apaua 3.(4)

[an paBHOCTOPOHHMI TpeyronbHuk ABC. Hantn reometpudeckoe Mecto Todek P Takux, 4to otpeskm npsimbix AP
1 BP, nexaiiue BHyTpW TpeyronbHuKa, paBHbl.

®DornbKop

3apaya 4.(5)
MoxkeT nu 6bITb NPOCTbIM YMCHo a+b+c+d, ecnu a, b, c n d - uenble nonoxutensHble Yncna n ab=cd?
®DornbKop

3apava 5.(8)

EcTb 4 paBHbIX NpsiMOYronbHbIX TpeyronbHuka. PaspeluaeTtcs ntobor paspesaTtb Ha ABa Mo BbICOTE, ONYLLEHHOW
Ha runoTeHy3y. C Nony4yeHHbIMU TPEYrofibHUKaMMU MOXXHO MOBTOPATb 3Ty Oornepauuio.

HokaxuTe, 4TO Nocne Nboro Yucna Takux ornepaunii cpeamn TpeyronbHUKOB HanayTcs paBHbIE.

A.B. llanosarios

3apava 6.(8)

MoxxeT nn cny4nTbes, 4TO 6 NONapHO HemnepecekalLwuxcsa napannenenvnenoB pacrnonoXeHbl B NPOCTPaHCTBE
TaK, YTO M3 HEKOTOPOM UM He NpuHaanexallen To4YK1 NPOCTPaHCTBa HE BUAHO HU OHOW U3 UX BEPLUUH?
(Mapannenenunegbl HENPO3PaYHbI. )

B. lNpouseonos, C. Mapkernos, A. 5. KaHenb-beros



3apava 7.

"eonoru B3sinn B akcneguumio 80 6GaHOK KOHCEPBOB, BECA KOTOPbIX BCE U3BECTHbI U Pa3nnyHbl (MMEETCH CNUCOK).
YUepes HekoTopoe Bpemsi HaAnMcKu Ha KOHCepBax CTany HeuutTaembiMu, U TONbKO 3aBX03 3HaET, rae yto. OH
MOXET 9TO BCeM JoKa3aTb (TO eCTb 060CHOBATb, YTO B Kakow BaHke HaxoaWTCs), He BCKPbIBasi KOHCEPBOB U
Nonb3ysACb TOMbKO COXPaHMBLUMMCS CTMIMCKOM W ABYXYaLLEYHbIMU BECAMU CO CTPENKON, NMOoKa3biBaOLLEA pasHuLy
BECOB.

[okaxuTe, 4TO ANst 3TON LUenn emy

a)(4) [ocTaTouvHO YeTbIPéX B3BELUMBAHWN Y

6)(4) HegocTaToO4HO TPEX.

A.K. Tonnbizo

10-11 knacc

TpeHUPOBOYHbLIN BapuaHT

(10-11 kn., 16, BecHa)
(Mimoza nodsodumcs no mpém 3adadyam, Mo KomopbiM G0CmuUHymbl Hausay4Yuwue pesynbmamel; 6ansbl 3a
nyHKMbI 0OHOU 3adayqu CyMMUPYOMCS)

3apava 1.(3)

Ha otpeske [0,1] 4ncnoBon ocu pacnonoXxeHbl YeTbipe TOYKK: a, b, ¢, d.
[okaxuTe, 4To HaMAETCA Touka X, NpuHagnexawasa [0,1], Takas, 4To
(1/|x-a|)+(1/|x-b|)+(1/|x-c|)+(1/|x-d|)<40.

J1. KypnsiHd4uk

3apava 2.

YeTblpe Ky3HeuMKa cuaeny B BepLuMHax kBagpaTa. Kaxayto cekyHay OauH M3 Ky3HEUMKOB MNpbIraeT yepes Apyroro
B CMMMETPUYHYLO TOYKY (ecnn A npbiraet yepes B B Touky A1, To BekTopbl AB 1 BA4 paBHbl).

JokaxuTte, 4TO TPU Ky3HEUYMKa He MOryT OKa3aTbCs

a)(3) Ha ogHoM NpsAMON, NapannenbHoM CTOPOHe KBaapaTa;

6)(3) Ha ogHOI NPON3BONBLHON NPSIMON.

A. Kosanboxu

3apava 3.

TpeyronbHuk ABC BnncaH B okpyxHocTb ¢ ueHTpoMm O. lMNMpsimbie AC n BC BTOpMYHO nepecekatoT OnucaHHyo
OKpYXHOCTb TpeyronbHuka AOB B Toukax E n K.

Hokaxute, yto npamble OC n EK nepnenankynspHsl.

C. Mapkenos

3apava 4.(4)

HokaxwuTe, 4to yncno ao...09 - He nonHbIN KBagpart (Npu NLOGOM Yucne Hynewu,
Ha4yuHasaA ¢ ogHoro; a - uudpa, otnmyHas ot 0).

B. CeHOepos

OcHoBHOM BapuaHT

(10-11 kn., 16, BecHa, 12.03.1995)
(MImoza nodsodumcs no mpém 3adayam, N0 KOmMopbiM O0CMU2HYMbl Hausly4ywue pe3dyrnbmamsbl; O4YKU 3a MyHKMbI
00HoU 3adayu cymmupyromcsi)

3apava 1.(4)

CyuiecTByeT nu Takas ccpepa, Ha KOTOPON MMEETCA POBHO OAHA paumoHanbHasa Todka? (PaumoHanbHasa Touka -
TOYKa, Y KOTOPOMN BCE TPU AeKapTOBbl KOOpPAMHATLI - paLMoHarnbHble Yucna.)

A. PybuH

3apava 2.(4)

Mpwn Kaknx N MOXXHO packpacuTb B Tpu LiBeTa BCe pebpa N-yronbHOWM NpuamMbl (OCHOBaHWS - N-YrofbHUKK) TaK, YTO
B KaXXon BEPLUNHE CXOOSTCHA BCE TPW LBETA U Y KaXKA0W rpaHun (BKMOYas OCHOBAHWS) eCTb CTOPOHbI BCEX TPEX
LBETOB?

A.B. lllanosaros



3apaua 3.(5)

Ha 60koBbIX CTOPOHAaX Tpanewumm kak Ha AMaMeTpax NoCTPOEHbI OKPYXHOCTH.

[okaxuTe, 4TO BCe YeTbIpe KacaTenbHble, NPOBEAEHHbBIE K OKPYXXHOCTAM U3 TOYKM NepeceyeHns anaroHaneu,
paBHbI Mexay cobow (ecnm aTa ToYKa NEXUT BHE OKPY>XHOCTEW).

C. Mapkenos

3apava 4.(6)

Ha koopanHaTHOM NNIOCKOCTN OTMEYEHbl HEKOTOPbIE TOYKM C LieNbIMU KoopanMHaTaMu. [JaHo, YTO HUKaKue YeTbipe
M3 HUX He neXaT Ha OQHOWN OKPY>XHOCTMW.

[okaxuTe, 4To HaMaétca kpyr paguyca 1995, B KOTOPOM HE OTMEYEHO HM OAHOWN TOYUKM.

A.B. lllanosaros

3apava 5.

a)(3) Pas6evite otpesok [0,1] Ha YepHble 1 Genble MHTepBarbl Tak, YTOObI Ans NoGoro MHoroYneHa p(x) cTenexn
He Bbille BTOPON CyMMa npupaLleHni p(X) No BCEM YEPHbIM MHTEpPBanaM paBHsNack CyMMe npupatleHni p(x) no
BceM GenbiM MHTepBanam. (MpupaleHrem p(x) no nHTepeany (a,b) HasbiBaeTcs Yncrno p(b)-p(a) ).

6)(4) YaacTcs nv npogenaTb aHanornyHyro onepaumio Ansi BCeEX MHOMOYIIEHOB CTeneHu He Bbile 19957

I". B. KoHOakos

3apaua 6.(8)

CyLiecTByeT nn Takow HEBbLINYKMbIA MHOTOrPaHHKK, YTO M3 HEKOTOPOM TOYKM M, nexallen BHe Hero, He BUOHa Hu
ofHa n3 ero BepwmrH? (MHororpaHHvK caenaH 13 Henpo3payHoro MaTepuarna, Tak YTO CKBO3b HEr0 HUYero He
BWAHO.)

A.A. KaHenb-bernos, C. Mapkernos

3apaua 7.(10)

HokaxuTe, 4To cpeam 50 YenoBek HAMAYTCS ABOE, Y KOTOPbIX YETHOE YMCOo 0OLLMX 3HAaKOMBIX (ObITb MOXeET, 0)
cpeam octanbHbIX 48 yenosexk.

C.U. Tokapes

Englich

Sixteenth Tournament, 1994-1995

Autumn tour

8-9 grades
Training option

(8-9 grades, 16, autumn)
(The total is summed up on three tasks for which the best results have been achieved)

Problem 1. (3)

During the ball, each young man danced a waltz with a girl who was either more beautiful than at the previous
dance, or more intelligent, and one - with a girl who was both more beautiful and more intelligent. Could this
be? (There were equal numbers of boys and girls at the ball.)

A.Ya. Kanel-Belov

Problem 2. (3)

Two circles are given on the plane, one inside the other. Construct a point O such that one circle is obtained from
another by a homothety about the point O (in other words, so that the extension of the plane from the point O with
a certain coefficient translates one circle into another).

Folklore

Problem 3. (5)

Find any five natural numbers, the difference of any two of which is equal to the greatest common divisor of this



pair of numbers.
S.l. Tokarev

Problem 4. (5)

Only 20 children study at Prostokvashinskaya primary school. Any two of them have a common grandfather.
Prove that one of the grandfathers has at least 14 grandchildren and granddaughters in this school.

A.V. Shapovalov

Basic option

(8-9 grades, 16, autumn, 11/23/1994)
(The total is summed up in three tasks for which the best results have been achieved)

Problem 1. (3)

There are nuts in the boxes. It is known that on average there are 10 nuts in each box, and the arithmetic mean of
the squares of the numbers of nuts in the boxes is less than 1000.

Prove that at least 10% of the boxes are not empty.

AND |. Kanel-Belov

Problem 2. (4)

An 8 * 8 square is given on the plane, divided into 1 * 1 cells. It is covered with right-angled isosceles triangles
(two triangles cover one cell). There are 64 black and 64 white triangles. The "regular" coverings are considered -
such that any two triangles having a common side are of different colors. How many correct coatings are there?
N.B. Vasiliev

Problem 3. (4)

Mutually perpendicular lines | and m intersect at the point P of the circle so that they divide the circle into three
arcs. We mark on each arc a point such that the tangent to the circle drawn through it intersects the straight lines |
and m at points equidistant from the tangency point.

Prove that the three marked points are the vertices of an equilateral triangle.

E. Przhevalsky

Problem 4.

Is it possible to choose from the sequence 1, 1/2, 1/3, ... (keeping the order)

a) (3) one hundred numbers,

b) (2) an infinite subsequence of numbers,

each of which, starting from the third, is equal to the difference between the two previous ones (ax = a2 -a1)?
S. Tokarev

Problem 5. (6) The

periods of the two sequences are 7 and 13. What is the maximum length of the initial piece that can coincide with
them? (The period of the sequence {a  } is the smallest natural number p such that for any number n the equality
an=an+pholds).

A. Kanel-Belov

Problem 6. (6)

The sum of sixth powers of six integers is one more than their sixth product.

Prove that one of the numbers is equal to one or minus one, and the rest are zeros.
L. Kurlyandchik

Problem 7. (9)

Figure @ is the intersection of N circles (the radii are not necessarily the same). What is the maximum number of
curved "sides" that the F shape can have? (A curved side is a section of the boundary ® that belongs to one of
the circles and is bounded by the points of intersection with other circles.)

N. Brodsky

10-11 grades




Training option

(10-11 grades, 16, autumn)
(The total is summed up on three tasks for which the best results have been achieved)

Problem 1. (3)

During the ball, each young man danced a waltz with a girl who was either more beautiful than at the previous
dance, or more intelligent, but the majority (not less than 80 percent) - with a girl who was both more beautiful and
more intelligent. Could this be? (There were equal numbers of boys and girls at the ball.)

A.Ya. Kanel-Belov

Problem 2. (4)

Prove that six edges of a tetrahedron can be added to two triangles.
V.V. Arbitrariness

Problem 3. (4)

Let a, b, c, d be real numbers suchthata®+b3+c3+d3=a+b+c+d=0.
Prove that the sum of any two of these numbers is equal to zero.

L. D. Kurlyandchik

Problem 4. (5)

Strip 1 * 10 is divided into unit squares. The numbers 1, 2, ..., 10 are written into the squares. First, the number 1
is written into one of the squares, then the number 2 is written into one of the neighboring squares, then the
number 3 is written into one of the neighboring ones with already occupied ones, etc. . (the choice of the first
square and the choice of a neighbor at each step are arbitrary). How many ways can you do this?

A. Shen

Basic option

(10-11 grades, 16, autumn, 10/23/1994)
(The total is summed up in three tasks for which the best results have been achieved)

Problem 1. (3)

The coefficients of the quadratic equation x 2+ px + q = 0 changed by no more than 0.001. Can the larger root of
the equation change by more than 10007?

Folklore

Problem 2.

Show how to split the space

a) (2) into identical tetrahedra,

b) (2) into identical isohedral tetrahedra

(a tetrahedron is called isohedral if all its faces are equal triangles).
N. B. Vasiliev

Problem 3. (4)

A circle with center O is inscribed in triangle ABC. Median AD intersects it at points X and Y.
Find angle / XQOY if AC = AB + AD.

A. Fedotov

Problem 4. (5)

Prove that for any positive numbers a 1, ..., a ntne inequality
(1+(@1?/a2))(1+(@2%/as)) holds..(1+(@n/a1)>(1+a1)(1+az)...(1+an)
L.D. Kurlyandchik

Problem 5. (6) The

periods of two sequences - m and n - are coprime numbers. What is the maximum length of the initial piece that
they can match?

(The period of the sequence {a ; } is the smallest natural number p such that for any number k the equality a « =



ak+pholds .)
A. Ya Kanel-Belov

Problem 6. (7)

Consider a sequence, the n-th term of which is the first digit of the number 2 " .

Prove that the number of different "words" of length 13 - sets of 13 consecutive digits - is equal to 57.
A. Kanel-Belov

Problem 7. (8)

Figure @ is the intersection of n circles (the radii are not necessarily the same). What is the maximum number of
curved "sides" that the F shape can have? (A curved side is a section of the boundary ®, belonging to one of the
circles and bounded by the points of intersection with other circles.)

N. Brodsky

Spring tour

8-9 grade
Training option

(8-9 grades, 16, spring)
(The total is summed up on three tasks for which the best results have been achieved)

Problem 1. (3)

The cashier had 30 coins: 10, 15 and 20 kopecks for the amount of 5 rubles.
Prove that he had more 20-kopeck coins than 10-kopeck coins.

Folklore

Problem 2. (3)

Three grasshoppers sit on a straight line so that the two outermost ones are 1 m away from the middle one. Every
second one of the grasshoppers jumps over the other to a symmetrical point (if A jumps over B to point A 1, then
AB = BA 1 ). After a while, the grasshoppers ended up in the same places as at the beginning, but in a different
order.

Prove that the extreme grasshoppers have changed places.

A. Kovalji

Problem 3. (4)

It is known that the vertices of the square T 1 belong to the straight lines containing the sides of the square T 2,
and the inscribed circle of the square T 1 coincides with the circumscribed circle of the square T > .

Find the angles of the octagon formed by the vertices of the square T 2 and the tangency points of the circle with
the sides of the square T 1, and the values of the arcs into which the vertices of the octagon divide the circle.

S. Markelov

Problem 4.

Prove that the number 40 ... 09 is not a complete square (for any number of zeros,
starting from 1).
V. Senderov

Basic option

(8-9 grades, 16, spring, 03/12/1995)
(The total is summed up in three tasks for which the best results have been achieved; points for points of one task
are summed up)

Problem 1. (4)
Prove that if a, b, ¢ are integers and, in addition,



(a/b)+(b/c)+(c/a)and (a/c)+(c/b)+(b/a)arealsointegers, then|a|=|b|=]|c]|.
A. Gribalko

Problem 2. (4)

A line cuts off from a regular 10-gon ABCDEFGHIJ with side 1 triangle PAQ, in which PA + AQ = 1.
Find the sum of the angles at which the segment PQ is visible from the vertices B, C, D, E, F, G, H, |, J.
V. Arbitrariness

Problem 3. (4)

Given an equilateral triangle ABC. Find the locus of points P such that the line segments AP and BP that lie inside
the triangle are equal.

Folklore

Problem 4. (5)
Cana+b+c+dbeprimeifa, b, candd are positive integers and ab = cd?
Folklore

Problem 5. (8)

There are 4 equal right-angled triangles. It is allowed to cut any one in two according to the height, lowered to the
hypotenuse. With the resulting triangles, you can repeat this operation.

Prove that after any number of such operations, there are equal triangles among the triangles.

A.V. Shapovalov

Problem 6. (8)

Can it happen that 6 pairwise disjoint parallelepipeds are located in space so that none of their vertices can be
seen from some point in space that does not belong to them? (The parallelepipeds are opaque.)

V. Arizvolov, S. Markelov, A. Ya. Kanel-Belov

Problem 7.

Geologists took 80 cans of canned food on the expedition, the weights of which are all known and different (there
is a list). After a while, the inscriptions on the canned food became unreadable, and only the manager knows
where what is. He can prove this to everyone (that is, substantiate what is in which jar) without opening the
canned food and using only the preserved list and two-cup scales with an arrow showing the difference in
weights.

Prove that for this purpose,

a) (4) four weighings are enough for him and

b) (4) three are not enough.

A.K. Tolpygo

10-11 grade

Training option

(10-11 grades, 16, spring)
(The total is summed up on three tasks for which the best results have been achieved; points for points of one
task are summed up)

Problem 1. (3)

There are four points on the segment [0,1] of the numerical axis: a, b, c, d.
Prove that there is a point x belonging to [0,1] such that
(M/xa)+(1/|xb)+(1/]|xc])+(1/]|xd])<40...

L. Kurlyandchik

Problem 2.

Four grasshoppers were sitting at the tops of a square. Every second one of the grasshoppers jumps over the
other to a symmetrical point (if A jumps over B to point A 1, then vectors AB and BA 1 are equal).

Prove that three grasshoppers cannot be

a) (3) on one straight line parallel to the side of the square;

b) (3) on one arbitrary straight line.

A. Kovalji



Problem 3.

Triangle ABC is inscribed in a circle centered at O. Lines AC and BC intersect the circumcircle of triangle AOB for
the second time at points E and K.

Prove that lines OC and EK are perpendicular.

S. Markelov

Problem 4. (4)

Prove that the number a0 ... 09 is not a complete square (for any number of zeros,
starting with one; a is a digit other than 0).

V. Senderov

Basic option

(10-11 grades, 16, spring, 03/12/1995)
(The total is summed up in three tasks for which the best results have been achieved; points for points of one task
are summed up)

Problem 1. (4)

Is there a sphere with exactly one rational point? (A rational point is a point at which all three Cartesian
coordinates are rational numbers.)

A. Rubin

Problem 2. (4)

For what n can all the edges of an n-gonal prism (bases - n-gons) be colored in three colors so that all three
colors converge at each vertex and each face (including the bases) has sides of all three colors ?

A.V. Shapovalov

Problem 3. (5)

Circles are drawn on the lateral sides of the trapezoid as on diameters.

Prove that all four tangents drawn to the circles from the point of intersection of the diagonals are equal to each
other (if this point lies outside the circles).

S. Markelov

Problem 4. (6)

Some points with integer coordinates are marked on the coordinate plane. It is given that no four of them lie on
the same circle.

Prove that there is a circle of radius 1995 in which no points are marked.

A.V. Shapovalov

Problem 5.

a) (3) Divide the segment [0,1] into black and white intervals so that for any polynomial p (x) of degree at most
two, the sum of the increments p (x) over all black intervals equals the sum of the increments p (x ) over all white
intervals. (The increment of p (x) over the interval (a, b) is the number p (b) -p (a)).

b) (4) Will it be possible to perform a similar operation for all polynomials of degree at most 19957

G. V. Kondakov

Problem 6. (8)

Is there a nonconvex polyhedron such that none of its vertices can be seen from some point M lying outside
it? (The polyhedron is made of an opaque material, so nothing can be seen through it.)

A.Ya. Kanel-Belov, S. Markelov

Problem 7. (10)

Prove that among 50 people there are two who have an even number of mutual acquaintances (maybe 0) among
the remaining 48 people.

S.l. Tokarev



