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1 Introduction

Let M be a manifold and ¥, be the symmetric group on k£ elements. The or-
dered and unordered configuration spaces of k distinct points in M, Fi,(M) =
{(z1,...,7%) € MF|lz; # xj, i # j} and Cp(M) = Fx(M)/Sk, have been
widely studied. It is well known that for a simply connected manifold M of
dimension > 3, the pure braid group m (Fr(M)) is trivial and the braid group
m1(Cx(M)) is isomorphic to 3, while in low dimensions there are non trivial
pure braids. For example, (see [F]) the pure braid group of the plane PS5,
has the following presentation

PB, = m(Fu(C)) = (aij, 1 <i<j<n|(YB3),, (YB4),),

*Department of Mathematics, University of Pisa, manfrediQ@dm.unipi.it

T2Abdus Salam School of Mathematical Sciences, GC University, Lahore-Pakistan,
saimashaa@gmail.com

YLEM, Scuola Superiore Sant’Anna, Pisa, s.settepanella@sssup.it



where (Y B 3),, and (Y B4),, are the Yang-Baxter relations:
(YB 3)11: QOGO = OO Oli; = OGOl Qi 1<i< ] < k< n,
(YBA)n:  [aw, ai] = [air, age] = [, 05t cipeii] = [, amonag'] = 1,
1<i<j<k<l<n,

while the braid group of the plane B, has the well known presentation (see

[A])
B, = m(C,(C)) = {0, 1 <i<n—1](A),),

where (A),, are the classical Artin relations:
(A)p :00j =00, 1<i<j<n—1j—i>2,
0;0,110; = 04100411, 1 S 1<n-—1.

Other interesting examples are the pure braid group and the braid group of
the sphere 5% &~ CP! with presentations (see [B2] and [F])

T (Fa(CPY)) = (i, 1 <i<j<n—1|(YB3)y_1,(YB4),_1,D0_; =1)
Wl(cn(CFﬂ)) = <Ui7 1 S 1 S n—1 ‘(A)n, 0109 .. .O'2

n—1---0201 = 1>7
where D, = 0412(04130&23)(061404240434) T (OélkOézk Qg k)

The inclusion morphisms PB,, — B,, are given by (see [B2])

2 _—1 -1
Qij > 0;_105-2...0i410;0,1 .. 2054

and due to these inclusions, we can identify the pure braid D, with A2
the square of the fundamental Garside braid ([G]). In a recent paper ([BS])
Berceanu and the second author introduced new configuration spaces. They
stratify the classical configuration spaces Fi(CP") (resp. Cr(CP™)) with
complex submanifolds F;(CP") (resp. Ci(CP™)) defined as the ordered (resp.
unordered) configuration spaces of all k£ points in CP™ generating a projec-
tive subspace of dimension 7. Then they compute the fundamental groups
71 (F;(CP™)) and m;(Ci(CP")), proving that the former are trivial and the
latter are isomorphic to ¥; except when ¢ = 1 providing, in this last case, a
presentation for both m (F}(CP")) and m(C}(CP™)) similar to those of the
braid groups of the sphere. In this paper we apply the same technique to
the affine case, i.e. to F(C") and C(C"), showing that the situation is sim-
ilar except in one case. More precisely we prove that, if ]:Z" = F}(C") and
C,i’" = C;(C") denote, respectively, the ordered and unordered configuration
spaces of all k points in C™ generating an affine subspace of dimension ¢, then
the following theorem holds:



Theorem 1.1. The spaces .7:;;” are simply connected except for v = 1 or
t=n=~k—1. In these cases

1. m(F2Y) = PBy,
2. m(FL") = PBy/ < Dy > whenn > 1,

3. m(Fy") =7 for alln > 1.

n

The fundamental group of C,i’n 15 1somorphic to the symmetric group . except
fori=1o0ri=n==%k—1. In these cases:

1. m(CYY) = By,
2. m(Cy") = By/ < A} > whenn > 1,

8. m(Cpth) = Buya/ < ol=02=---=0,2> foralln>1.

Our paper begins by defining a geometric fibration that connects the spaces
}",i’" to the affine grasmannian manifolds Graf f/(C"). In Section 3 we com-
pute the fundamental groups for two special cases: points on a line F,i ™ and
points in general position .7-",5 —im Then, in Section 4, we describe an open
cover of F;"" and, using a Van-Kampen argument, we prove the main result
for the ordered configuration spaces. In Section 5 we prove the main result

for the unordered configuration spaces.

2 Geometric fibrations on the affine
grassmannian manifold

We consider C™ with its affine structure. If pq,...,pr € C" we write

< p1,...,pr > for the affine subspace generated by pi,...,pr. We stratify
the configuration spaces Fj(C™) with complex submanifolds as follows:

‘Fk((cn) = H"T_Zm )
=0

where F, ,Z" is the ordered configuration space of all k£ distinct points pq, ..., pg
in C" such that the dimension dim< py,...,pr >=1.



Remark 2.1. The following easy facts hold:

1. F" # 0 if and only if i < min(k + 1,n); so, in order to get a non
empty set, i =0 forces k =1, and ]-"f’n =C".

2. F' = Fi(C), B =Fa(C);

3. the adjacency of the strata is given by

Fr=rr11 7

By the above remark, it follows that the case £k = 1 is trivial, so from
now on we will consider £ > 1 (and hence i > 0).

For i < n, let Graffi{(C") be the affine grassmannian manifold parame-
trizing i-dimensional affine subspaces of C™.
We recall that the map Graf f'(C") — Gr'(C") which sends an affine sub-
space to its direction, exibits Graf fi(C") as a vector bundle over the ordi-
nary grassmannian manifold Gr*(C") with fiber of dimension n — i. Hence,
dimGraf f/(C") = (i + 1)(n — i) and it has the same homotopy groups as
Gr'(C"). In particular, affine grassmannian manifolds are simply connnected
and mo(Graf f/(C")) 2 Z if i < n (and trivial if i = n). We can also identify
a generator for mo(Graf fi{(C")) given by the map

g:(D? 8" = (Graff(C"), L), g(z)= L.
where L, is the linear subspace of C" given by the equations
(1—|Z|)X1—ZX2:XZ+2::X,L:0 .

Affine grasmannian manifolds are related to the spaces .7-",2’” through the
following fibrations.

Proposition 2.2. The projection
v F" = Graf f'(C")

given by
(X1, ..o, Tp) =< T1,Tg,...,Tf >

s a locally trivial fibration with fiber ]-",ff



Proof. Take Vo € Graff(C") and choose Ly € Gr" *(C") such that Lg
intersects V{ in one point and define U}, an open neighborhood of V4, by

U, = {V € Graf f'(C")| Lo intersects V in one point}.
For V e Uy, define the affine isomorphism
oy V=V, pv(x) = (Lo+2)NV.
The local trivialization is given by the homeomorphism
for Usy) = Upy x F' (Vo)
y= 1) = (VW) (P30 (W) - -, 030 (WK)))

making the following diagram commute (where F,*(Vj) = F¢* upon choosing
a coordinate system in Vj)

v (Us,) / Ur, x F'

’Y\A pri

Ur, O

Corollary 2.3. The complex dimensions of the strata are given by
dim(F;™) = dim(F}") 4 dim(Graf f(C") = ki + (i + 1)(n — ).
Proof. F;'is a Zariski open subset in (C))* for k > i + 1. O

The canonical embedding
CcC" —C", {z0,.--y2m}—{20,--,2m,0,...,0}
induces, for i < m, the following commutative diagram of fibrations

B — - BT Graffi(Cm)

L |

Fi - B Graff'(C")




which gives rise, for i < m, to the commutative diagram of homotopy groups

L — /S 77'1(]:;;7;) —»77'1(]:]?7”) — 1

T

Tz (R —mE) —— 1

where the leftmost and central vertical homomorphisms are isomorphisms.
Then, also the rightmost vertical homomorphisms are isomorphisms, and we

have ' . -
m(F™) =2 m (F™) 2 m (Fp) for i < m < . (1)

Thus, in order to compute 7;(F,™) we can restrict to the case k > n (note
that k£ > 7), computing the fundamental groups m; (]-",i’iﬂ), and for this we can
use the homotopy exact sequence of the fibration from Proposition 2.2, which
leads us to compute the fundamental groups m; (.7-",1’) This is equivalent,
simplifying notations, to compute 71 (F,"") when k > n + 1.

We begin by studying two special cases, points on a line and points in general
position.

3 Special cases

The case 7 = 1, points on a line.

By remark 2.1 the space F'' = Fi(C) for all k > 2 and the fibration in
Proposition 2.2 gives rise to the exact sequence

7 = my(Graf f{(C2) 25 PB, = m(Fu(C)) = m(F?) = 1. (2)

It follows that 7 (F,”) = PB,/Imd,. Since m(Graff (C?)) = Z, we need
to know the image of a generator of this group in PB,,. Taking as generator

the map
g: (D% 8%) = (Graf f1(C%), L), ¢(2) = L.,

where L, is the line of equation (1 — |z])X; = 2X5, we chose the lifting
g: (D% 8") = (B Fi(L)
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g(z) = ((z, 1—1z),2(z,1 = |2|), ..., k(2,1 — |z|))

whose restriction to S! gives the map

v(2) = ((2,0),(22,0),..., (kz0))

Lemma 3.1. (see [BS]) The homotopy class of the map ~y corresponds to the
following pure braid in m (Fi(C)):

] = cnz(aises) - - (akoar - - k1) = Dy -

From the above Lemma and the exact sequence in (2) we get that the im-

age in 71 (F5(C)) of the generator of my(Graf f1(C?)) is Dy, and the following
theorem is proved.

Theorem 3.2. Forn > 1, the fundamental group of the configuration space
of k distinct points in C" lying on a line has the following presentation (not

depending on n)

m(Fr™) = oy, 1<i<j<k|(VYB3), (YB4), Dy =1) .



The case k =i+ 1, points in general position.

Lemma 3.3. For1 <k <n+ 1, the projection
prFE s FETE (@1, ap) = (2, )
is a locally trivial fibration with fiber C™\ CF=2

Proof. Take (29,...,2% ) € Fo 2™ and fix 29,...,2%,, € C" such that

<af,.. .20, >=C" (that is < a,...,2%,, > and < 2¥,...,20_| > are
skew subspaces). Define the open neighbourhood U of (29, ...,z ) by

U={(z1,...,011) EFL " <1,y xp1,28, .. ,20,  >=C"}.

For (z1,...,2,-1) € U, there exists a unique affine isomorphism T(;, . . ,):
C"™ — C™, which depends continuously on (z1,...,z;_1), such that

T(xl,.‘.,xk,l)(xo) =(z;)fori=1,....k—1

i

and
Tloran (@) = (2) fori=k,....n+1 .

We can define the homeomorphisms ¢, 1 by :

©

p*l(u)%u x (C"\ < af,...,20_, >)

-

(P(l'l, ey L1, JT) = ((I’l, ce 7‘7‘”’]‘3_1)’ T(;i,...,xkfl)(
¢(($1; cee 7‘7316—1)7 y) = (xlv ey Ti—1, T(arl ..... :ck_l)(y))
satisfying pri o p = p.




O

As C"\ CF~2 is simply connected when n > k — 1 and k > 1, we have
m(Fp ") 2w (F ") 2 m(F") = m(F(Ch) = m (F") = m(C") =0,

in particular m (F*~1") = 0. Moreover, since C" \ C*~2 is homotopically
equivalent to an odd dimensional (real) sphere S2("~*)~1 its second homotopy
group vanish and we have

To(FET) & mo(Fe ") =2 myp(FP™) = ma(C") = 0.

in particular mo(F? ") = 0.
In the case k = n + 1, C*\ C"! is homotopically equivalent to C*, and we
obtain the exact sequence:

To(Frh") = Z — mi(Fply) = m(Fr b)) — 0.

n

By the above remarks, the leftmost and rightmost groups are trivial, so we
have that m (F,") is infinite cyclic.
We have proven the following

Theorem 3.4. For n > 1, the configuration space of k distinct points in C™
in general position .7-—,];71’" s simply connected except for k =n+ 1 in which
case m (F, ) = L.

We can also identify a generator for m (F,"

1) via the map

h:St— Frlh h(z) = (0,e1,...en 1, 2€p), (3)

where €1, ... e, is the canonical basis for C™ (i.e. a loop that goes around the
hyperplane < 0,eq,...€,-1 >).

4 The general case

From now on we will consider n,7 > 1.

Let us recall that, by Proposition 2.2 and equation (1), in order to compute
the fundamental group of the general case F,.", we need to compute m; (F,"")
when k& > n+ 1. To do this, we will cover F;,"" by open sets with an infinite
cyclic fundamental group and then we will apply the Van-Kampen theorem
to them.



4.1 A good cover

Let A= (44,...,A,) be a sequence of subsets of {1,...,k} and the integers
di,...,d, given by d; =|A;| —1, j=1,...,p. Let us define

]:,;4’" ={(x1,...,21) € }"k(@”)‘ dim < 2; >jeq,=d; for j =1,...,p}.
Example 4.1. The following easy facts hold:

L IfA={A}, A ={1,... Kk}, then F{*" = FfM

2. if all A; have cardinality |A;| < 2, then F{*™ = Fi(C);

’ _ ( 7777 Ap—l)vn.
= ]—"k ;

Lemma 4.2. For A={1,...,7+1}, 7 <n, and k > j the map
Py : }",gA)’" — .7-"]]»'f1, (1, ... 2) = (@1, .., Tjg1)
is a locally trivial fibration with fiber Fi_;_1(C" \ {0, e1,...,¢€;}).

Proof. Fix (x1,...,xj41) € ]:jfl and choose zj49,..., 2,41 € C" such that
<L X1y ey Tty Bjt 2y - v o5 Bppl > = Cn.
Define the neighborhood U of (z1,...,z;4+1) by

U = {(yl,. .. 7yj+1) c 'F']]fl‘ < Y1y .. 7yj+17zj+27' <y Rntl >= Cn} .

There exists a unique affine isomorphism F, : C* — C", which depends
continuously on y = (y1,...,y;+1), such that

Fy(xi):yia ’L:1,7]—|—1

Fy(Zi):Zi, Z:j—|—2,,n—|—1

and this gives a local trivialization
f : Pgl(U) — U X ]-"k_j_l(C" \ {$1, . ,1’j+1})

W) = (W) By (Ye2) s By ()
which satisfies prio f = Py . O
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Let us remark that P, is the identity map if £ = 7 + 1 and the fibration
is (globally) trivial if j = n since U = F,)}"; in this last case m; (.F,EA) " =7
(recall that we are considering n > 1).

Let A = (Ay,...,A,) be a p-uple of subsets of cardinalities |A4;| = d; + 1,
j =1,...,p. For any given integer h € {1,...,k}, we define a new p-uple
A" = (A],..., A,) and integers dy, ..., d, as follows:

A — Aj, 1fh¢A] d — dj7 1fh¢A]
J A]\{h}, lthA] Y dj—l, lfhEA]
The following Lemma holds.

Lemma 4.3. The map
. TAn A'n —
pn Fpt = FLY (e, ) = (2, T, L, X))
has local sections with path-connected fibers.

Proof. Let us suppose that h =k and k € (A1 N...NA4)\ (A1 U...UA,).
Then the fiber of the map py, : ]-",;4’" — .7-",;4_/’1" is

p,gl(xl,...,xk,l) ~ Cn\ (Lll U... UL;U {xl,...,xk,l})

where L) =< 1; >;c A5 Even in the case when dim L; = n, we have dim L} <
n, hence the fiber is path-connected and nonempty. Fix a base point x =
(x1,...,251) € F,ﬁ’f and choose zp € C"\ (LyU... UL U{zy,...,25_1}).
There are neighborhoods W, C Graf f%(C") of Li(j = 1,...,1) such that
xp & LY if LY € Wj; we take a constant local section

l
s:W =g ((C"\ {z )" x [[Wi) — F™"
=1
(yb ce 7yk’—1> = (y17 ce. 7yk—1733k),

where the continuous map g is given by:

g Fy = (€ x Graf f4(C") x ... x Graf f%(C")

"

(y17' "7yk—1> H (y17'"7yk_17L17"'7L;/)7
and L] =<y, >iear forj=1,...,1L O

11



Proposition 4.4. The space .7-",;4’” 18 path-connected.

Proof. Use induction on p and d; +ds + ... +d,. If p =1, use Lemma 4.2
and the space ]:]]fl which is path-connected. If A, is not included in A; and
d, > 3, delete a point in A, \ A; and use Lemma 4.3 and the fact that if C
is not empty and path-connected and p : B — (' is a surjective continuous
map with local sections such that p~'(y) is path-connected for all y € C,
then B is path-connected (see [BS]). If A, C A; or d, < 2, use Example 4.1,

(3) and (4). O
Let ey, ..., e, be the canonical basis of C" and
My, ={(x1,...,xp) € FR(C"\{0,e1,...,e,})| 1 €< e1,...,e, >},
the following Lemma holds.

Lemma 4.5. The map
Ph - My, — (Cn)*\ < €1y...,Ep >

sending (x1,...,xp) — x1, 15 a locally trivial fibration with fiber
Fn1(C"\{0,e1,...,en,e1+ -+ e,}).

Proof. Let G : B™ — R™ be the homeomorphism from the open unit m-ball
to R™ given by G(z) = —%-, (whose inverse is the map G~'(y) = %Iy\)

1—|z|’
For x € B™ let G, = Gl o T_G(z) © G be an homeomorphism of B™, where
7, : R — R™ is the translation by v. G, sends z to 0 and can be extended
to a homeomorphism of the closure B™, by requiring it to be the identity on
the m — 1-sphere (the exact formula for G, (y) is (17m)(1(;7;'9)”2?"(719‘;")3/;;”(17‘wa‘).
We can further extend it to an homomorphism G, of R™ by setting G, (y) = y
if |y| > 1. Notice that G, depends continuously on z.
Let z € (C")*\ < ey,..., e, >, fix an open complex ball B in
(C")*\ < eyq,...,e, > centered at  and an affine isomorphism H of C" send-
ing B to the open real 2n-ball B>*. For x € B, define the homeomorphism
F, of C" F, = H ' o Gy(y) o H which sends z to z, is the identity outside
of B and depends continuously on z. The result follows from the continuous
map

F:p,'(B) — B x p,*(7)
F(x,xq,...,25) = (x,(Z, Fy(x2), ..., Fy(zh)))

12



(whose inverse is the map F~! : Bxp;, (%) — p, ' (B), F'(z, (T, 29, ...,73)) =
(337 Fl,_l(l'g), c Faz_l(xh)))

The fiber p, (%) is homeomorphic to Fj,_1(C"\ {0,e1,...,en, €1+ +e,})
via an homeomorphism of C" which fixes 0, eq, ..., e, and sends T to the sum
er+...+e,. ]

Thus we have, since n > 2, m (M) = Z, and we can choose as gene-
rator the map S* — M, sending z — (z(e; + -+ + €,),T2,...,x) with
Ta, ...,z of sufficient high norm (i.e. a loop that goes round the hyperplane
< €1y, >).

Lemma 4.6. For A={1,...,n+1}, B={2,...,n+2}, and k > n+1 the
map B
B),n "M
PA,B : fk(; st _>‘Fn4’rl7 (xla"'wrk) = (xlw""rnJrl)
1s a trivial fibration with fiber My_,,_1

Proof. For x = (x1,...,2541) € F,}4 let F, be the affine isomorphism of C"

n

such that F,(0) = xy, F.(e;) = x4, for i = 1,...,n. The map

n,n A,B),n
F X My_p_y — FLAP

n

sending
(1, Tps1)s (Tpaoy oy xk)) = (X1, ooy Tty Fu(@pga), - o Fru(zg))
gives the result. O

4.2 Computation of the fundamental group

From Lemma 4.6 it follows that m (F %) = Z x Z and that it has two

generators: ((z+1)(e1+...+e€n),€1,..,€n, 61+ ...+ €pn, Tpis,...,Tx) and
(0,e1,...,en,2(e1+...+€n), Tnss, ..., Tx), where z,13,...,x) are chosen far
enough to be different from the first n 4+ 2 points. The first generator is the
one coming from the base, the second is the one from the fiber of the fibration
Py .

Note that using the map

A
PA’B : F,E Bln s (T, x) (T2, Tnga)

we obtain the same result and the generator coming from the base here is
the one coming from the fiber above and vice versa.

13



The map P4 p factors through the inclusion i4 : f,gA’B)’” — f,gA)’” followed
by the map

A
Py .7:,& o s (@1, x) = (T, T)

and we get the following commutative diagram of fundamental groups:

n P n
m(FP —ZAB o (FRT)
Z.A* A««
T (F™)

Since P, induces an isomorphism on the fundamental groups, this means
that 74, sends the generator of (F,EA’B)’H) coming from the fiber to 0 in

m(F,4). That is, the generator of m (}",gB)’n) (which is homotopically equi-

‘/—_-IiA,B),n

valent to the generator of m( ) coming from the fiber) is trivial in

! (.7-",5’4)’”) and (given the symmetry of the matter) vice versa.
Applying Van Kampen theorem, we have that ]-",gA)’n U f,EB)’n is simply con-

1

nected. Moreover the intersection of any number of ]-",EA) s is path connected

and the same is true for the intersection of two unions of .F,EA)’n’s since the
- 1 (A)vn 3
Intersection ﬂ Ae ({17,#,11@}) Fy 1s not empty.

From the last example in 4.1 with ¢ = n we have F,"" = UAe(“ ..... &) féA)’n,

n+1
and when k > n+1, we can cover it with a finite number of simply connected
open sets with path connected intersections, so it is simply connected by the

following

Lemma 4.7. Let X be a topological space which has a finite open cover
Ui, ..., U, such that each U; is simply connected, U; N U; is connected for all
i,j=1,...,n and (i, U; # 0. Then X is simply connected.

Proof. By induction, let’s suppose U;:ll U, is simply connected. Then, ap-
plying Van Kampen theorem to U}, and Uf;ll U;, we get that Ule U, is simply
connected if U N (Uf;ll U;) is connected. But U, N (Uf;ll U) = Uf;ll(UkﬂUi)
is the union of connected sets with non empty intersection, and therefore is
connected. O

14



Now, using the fibration in Proposition 2.2 with n = i+ 1, we obtain that
Fi~b™ is simply connected when k > n.
Summing up the results for the oredered case, the following main theorem is
proved

Theorem 4.8. The spaces ]—",i’n are simply connected except
1. 7T1(J—"]i71) = PBy,
2. m(F") = ey, 1 <i<j < k|(YB3)y, (YB4)y, Dy = 1) whenn > 1,

3. m(Fyy) =7 for all n > 1, with generator described in (3).

n

5 The unordered case: Cli’n

Let C,i’” be the unordered configuration space of all k distinct points pq, ..., p
in C" which generate an i-dimensional space. Then C,i’" is obtained quotient-
ing F;" by the action of the symmetric group 3. The map p : Fy" — "
is a regular covering with > as deck transformation group, so we have the
exact sequence:

1— 71'1(;,?”) i)ﬂﬁ(Cli’n) ;Zk —1

which gives immediately m; (C;”) = Y in case ]:,i’" is simply connected.
Observe that the fibration in Proposition 2.2 may be quotiented obtaining a
locally trivial fibration C,i’" — Graf f/(C") with fiber C;Z

This gives an exact sequence of homotopy groups which, together with the
one from Proposition 2.2 and those coming from regular coverings, gives the
following commutative diagram for i < n:

15



1

1 |

2 2 mF) - mE)
| |
oz m(C) — m(G") — 1
| l
I D )
% %

In case i = 1, Fy'' = Fi(C) and C' = Ci(C), so m(Fy') = PBy
and 7T1(C,1 1) By, and since Imd, =< D; >C PBy, the left square gives
Imé, =< A} >C By, therefore m(C,") = B/ < A2 >

For i = n = k — 1, we have m(F,}}) = Z, and we can use the exact

sequence of the regular covering p : F,"} — C"fl to get a presentation of

7Tl( Z:l)

Let’s fix Q@ = (0,e1,...,6,) € F7y and p(Q) € C,; as base points and

n

for i =1,...n define v; : [0, 7] — F,}"} to be the (open) path

1 .
_(elt + 1))62'7 Cit1 .-, en)

1 .
7 t) = (= it+m) 1 3 i—1>
7() (2<€ + )67617 y €i—1 2

(which fixes all entries except the first and the (i + 1)-th and exchanges 0
and e; by a half rotation in the line < 0, ¢; >).

Then p o 4; is a closed path in C}", and we denote it’s homotopy class in
m1(Cy)Y) by o;. Hence 7; = 7(0;) is the deck transformation corresponding
to the transposition (0,7) (we take ¥, as acting on {0,1,...,n}) and we
get a set of generators for ¥, satisfying the following relations

T2 = TiTiTiT; Sl 17’ =1fori,j=1,...,n,

-1 —1 —1 -1 .
[MTo T Ty T, TiTe e Ty aTy Ty Ty ] = Lor [ — ] > 2.

If we take 7', the (closed) path in F,"; in which all entries are fixed except
for one which goes round the hyperplane generated by the others counter-
clockwise, as generator of m(F,77), then 71 (C,") is generated by 7" and the
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O1y...,0n.

In order to get the relations, we must write the words o2 oot

0,0;0,0; 0; o

70 J
and[UO'-~~O"_ 0"0-1"'0'10'0'"'0"_0"0'1
102 i—1V4i0;_1 1 0102 j—1040;

oo as well as 0,70,
as elements of Ker 7 = Im p, for all appropriate 1, 7.
Observe that the path 7} : [r, 27| — F,/",, defined by the same formula as ~;,
is a lifting of o; with starting point (e;, eq,€s,...,€;-1,0,€;_1,...,€,) and that
Y7y, is a closed path in F,", which is the generator T of m (]—"n +1) (as you can
see by the homotopy (§(e’™™+1)e;, €1, ..., €1, (€ +5=))es, €1 - . -, €n),
€ [0,1], where for ¢ = 0 we have the pornt e; going round the hyperplane
< 0,e1,€,...,6_1,€i41,-..,6€, > counterclockwise).
Thus we have p,(T) = o2 for all i = 1,...,n (and that Tmp, is the center of
™ (Cri))-

Moreover, it’s easy to see, by lifting to )%, that the o; satisfy the relations

al-ajaiajflaifla;l =1lfore,j=1,...,n

and

o'l =1for|i—j|>2.

(01090 1030, o] oyog - Uj,lajajf_ll .
We can represent a lifting of o} = 0109 - -+ 0;_1070; % --- o' (which gives the
deck transformation corresponding to the transposition (i,7 4+ 1)) by a path
which fixes all entries except the i-th and the (74 1)-th and exchanges e; and
e;+1 by a half rotation in the line < e;, e;,1 >.

We can now change the set of generators by first deleting 7" and introducing
the relations

and then by choosing the o!’s instead of the o;’s. Then we get that the
generators o}’s satisfy the relations

3 r ’ s
00,10y = 03,00, fore=1,....n—1,
0}, 07 =1 for [i — j| > 2

and
0'12 = 0'52 P 0'22. (4)

Namely, m1(C,;") is the quotient of the braid group B, 41 on n+ 1 strings by
relations (4) and the following main theorem is proved.
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Theorem 5.1. The fundamental groups ﬂl(C,i’”) are 1somorphic to the sym-
metric group Xy except

1. m(Cyh) = By,

2. m(Cy") = Bi/ < A} > whenn > 1,

3. 7T1<C7Tllf1> = Bn+1/ < 0'12 = 0'22 == O'n2 > fOT’ alln > 1.
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